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ABSTRACT 

Frequency response  t echn iques  a r e  very  Val uab le  t o o l s  f o r  t he  

a n a l y s i s  and s y n t h e s i s  of l i n e a r  c o n t r o l  sys tems.  To ex tend  t h e s e  t ech -  

n i q u e s  t o  t h e  a n a l y s i s  of a n o n l i n e a r  c o n t r o l  sys tem,  it i s  necessa ry  

t h a t  t h e  n o n l i n e a r i t y  be desc r ibed  by an  e q u a t i o n  i n  t h e  f requency  domain 

and it a l s o  r e q u i r e s  t h a t  t h i s  e q u a t i o n  be compat ib le  f o r  use w i t h  t h e  

t r a n s f e r  f u n c t i o n s  of t h e  l i n e a r  components. T h i s  f i n a l  r e p o r t  d e a l s  i n  

g e n e r a l  w i t h  t h e  a n a l y s i s  of n o n l i n e a r  c o n t r o l  sys tems by d e s c r i b i n g  func-  

t i o n  t e c h n i q u e s  and i n  p a r t i c u l a r  w i t h  t h e  d e r i v a t i o n  of t h e  d e s c r i b i n g  

f u n c t i o n s  f o r  t h e  m u l t i p l e  n o n l i n e a r i t i e s  t h a t  a r e  o f t e n  encountered  i n  

p r a c t i c e .  The d e s c r i b i n g  f u n c t i o n s  which a r e  b o t h  ampl i tude  and f r equency  

dependent  a r e  a s s o c i a t e d  w i t h  the m u l t i p l e  n o n l i n e a r i t i e s  i n  which t h e r e  

a r e  one o r  more ene rgy- s to rage  u n i t s  t o g e t h e r  w i t h  a t ion l inear  c h a r a c t e r -  

i s t i c  which i s  r e l a t e d  t o  t h e  energy-s torpge  proDer ty  i n  such  a way t h a t  

a mathematical  s e p a r a t i o n  i n t o  d i s t i n c t  l i n e a r  and n o n l i n e a r  Darts is  no t  

f e a s i b l e .  T h e r e f o r e ,  f o r  m u l t i p l e  n o n l i n e a r i t i e s  a f ami ly  of d e s c r i b i n g  

f u n c t i o n s  has  t o  be g e n e r a t e d .  Such f a m i l i e s  of d e s c r i b i n g  f u n c t i o n s  are 

g e n e r a t e d  f o r  two m u l t i D l e  n o n l i n e a r i t i e s ;  (1) a deadzone fo l lowed by a 

f i r s t  o r d e r  l i n e a r  b lock  and backlash .  and (2)  a h y s t e r e s i s  r e l a y  fo l lowed 

by a second o r d e r  l i n e a r  b lock  and back la sh .  Fur thermore  t h e  gene ra t ed  

d a t a  are p r e s e n t e d  i n  t h e i r  most u s e f u l  form (Nicho l s  p l o t s  a s  w e l l  a s  

t a b l e s ) .  

The t echn ique  o u t l i n e d  i n  t h i s  r e p o r t  f o r  o b t a i n i n g  t h e  d e s c r i b i n g  

f u n c t i o n s  can be used i n  computing t h e  d e s c r i b i n g  f u n c t i o n s  f o r  any o t h e r  

n o n l i n e a r  combina t ions .  A s p e c i P l  method has  been developed  t o  t a k e  care 

of t h e  ampl i tude  dependency of the d e s c r i b i n g  f u n c t i o n  f a m i l y  of t h e  

m u l t i p l e  n o n l i n e a r i t y  c o n t a i n i n g  a h y s t e r e s i s  r e l a y .  A number of methods 

v i i i  



I 

t o  f i n d  t h e  t r a n s i e n t  response  and t h e  c l o s e d  ~ O O D  f requency  response  from 

t h e  d e s c r i b i n g  f u n c t i o n  d a t a  a r e  o u t l i n e d .  A few sample problems a r e  a l s o  

p r e s e n t e d  i n d i c a t i n g  t h e  use of t h e  d e r i v e d  d e s c r i b i n g  f u n c t i o n s  and the 

r e s u l t s  a r e  compared wi th  t h e  a c t u a l  ana log  computer s i m u l a t i o n s  of t h e s e  

problems.  

ix 



CHAPTER I 

INmODUCTI ON 

The Nyquis t ,  Bode and Root l o c u s  t echn iques  which form t h e  b a s i s  of 

feedback  system a n a l y s i s  are l i m i t e d  i n  a p p l i c a b i l i t y  t o  l i n e a r  systems. 

Methods a v a i l a b l e  f o r  a n a l y s i s  of n o n l i n e a r  systems a r e  n o t  n e a r l y  as 

p l e n t i f u l  and a s  g e n e r a l  i n  a p p l i c a t i o n  a s  t h o s e  developed f o r  l i n e a r  

systems.  Frequency response  t echn iques  a r e  v e r y  v a l u a b l e  t o o l s  f o r  t h e  

a n a l y s i s  and s y n t h e s i s  of l i n e a r  systems. P a r t  of t h e  v a l u e  l i e s  i n  t h e  

s i m p l i c i t y  of t h e  b lock  diagram and t h e  t r a n s f e r  f u n c t i o n  r e p r e s e n t a t i o n  

and man ipu la t ion  w h i l e  t h e  o t h e r  p a r t  of t h e  v a l u e  l ies i n  t h e  ease of 

computat ion and i n t e r p r e t a t i o n  us ing  Bode diagrams and t h e  Nichols  p l o t s .  

The d i f f i c u l t i e s  encountered  i n  n o n l i n e a r  a n a l y s i s  are r e l a t e d  t o  t h e  ex-  

c e e d i n g l y  complex behav io r  of n o n l i n e a r  systems as compared w i t h  t h e  

l i n e a r  systems. Fo r  example, t he  r e sponse  of a l i n e a r  system i s  l i n e a r l y  

dependent  on t h e  ampl i tude  of t h e  e x c i t a t i o n ;  i n c r e a s i n g  t h e  ampl i tude  

mere ly  i n c r e a s e s  t h e  ampl i tude  of t h e  o u t p u t  by t h e  same m u l t i p l e .  With 

n o n l i n e a r  systems, t h e  o u t p u t  can be  sigii if lcafit ly depeiident on the ?eve? 

or ampl i tude  of e x c i t a t i o n .  Furthermore,  i f  a l i n e a r  system i s  e x c i t e d  

by a s i n u s o i d a l  f o r c i n g  f u n c t i o n ,  t h e  o u t p u t  w i l l  be a s i n u s o i d  of d i f f e r -  

e n t  ampl i tude  and phase b u t  having t h e  same f requency .  The o u t p u t  of a 

n o n l i n e a r  system f o r c e d  i n  a similar manner may c o n t a i n  harmonics of t h e  

e x c i t a t i o n  f requency .  I t  i s  d e s i r a b l e  t h a t  t h e  powerful methods of f r e -  

quency r e sponse  t e c h n i q u e s  be extended i n  such a way t h a t  t hey  w i l l  be  

a p p l i c a b l e  t o  a n a l y s i s  and s y s t h e s i s  of n o n l i n e a r  c o n t r o l  systems. 

. .  

R e p r e s e n t a t i o n  of n o n l i n e a r  systems i n  a b lock  d iagram form i s  n o t  

v e r y  d i f f i c u l t .  However, t h e  n o n l i n e a r  b l o c k s  impose a few r e s t r i c t i o n s  
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on t h e  man ipu la t ion  of t h e  block diagram. The e x t e n s i o n  of t h e  t r a n s f e r  

f u n c t i o n  r e p r e s e n t a t i o n  is  more d i f f i c u l t ;  it r e q u i r e s  t h a t  t h e  non l ine -  

a r i t y  be d e s c r i b e d  by an e q u a t i o n  ir, t h e  f requency  domain, and it  a l s o  

r e q u i r e s  t h a t  t h i s  e q u a t i o n  be compatrble  f o r  use w i t h  t h e  t r a n s f e r  func-  

t i o n s  of t h e  l i n e a r  components. T h i s  r e p o r t  d e a l s  i n  g e n e r a l  w i t h  t h e  

a n a l y s i s  of n o n l i n e a r  c o n t r o l  systems by d e s c r i b i n g  f u n c t i o n  t e c h n i q u e s ,  

and i n  p a r t i c u l a r  w i t h  t h e  d e r i v a t i o n  of t h e  d e s c r i b i n g  f u n c t i o n  f o r  t he  

m u l t i p l e  n o n l i n e a r i t i e s  t h a t  a r e  o f t e n  encountered  i n  D r a c t i c e .  A d i s -  

c u s s i o n  of a l l  known f r equency  resDonse t echn iques  aDpl i cab le  t o  t h e  

d e s c r i b i n g  f u n c t i o n  method i s  g iven .  A few samDle Droblems a r e  Dresented 

which i n d i c a t e  t h e  use of t h e  der ived  d e s c r i b i n g  f u n c t i o n s .  The r e su l t s  

of t h e s e  sample problems a r e  c o m a r e d  w i t h  t h e  r e su l t s  ob ta ined  from t h e  

a c t u a l  ana log  computer s i m u l a t i o n s  of t h e s e  problems 
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CHAPTER I1 

DESCRIBING FUNCTION METHODS 

S i n c e  t h e  v e r y  f i r s t  p u b l i c a t i o n  of t h e  paper  concern ing  t h e  d e -  

1 2-18 s c r i b i n g  f u n c t i o n  t e c h n i q u e  by R. J .  Kochenbruger , many a r t i c l e s  

have appeared i n  d i f f e r e n t  j o u r n a l s  and books on t h i s  s u b j e c t .  The de -  

s c r i b i n g  f u n c t i o n  method i s  c l a s s i f i e d  as a f requency  response  method 

r a t h e r  t h a n  a t i m e  domain approach. I t  i s  based on a n  a n a l y s i s  which 

n e g l e c t s  t h e  harmonic e f f e c t s  i n  t h e  system. The b a s i c  i d e a  involved i n  

a n a l y z i n g  a n o n l i n e a r  c o n t r o l  system by t h i s  method i s  t o  r e p l a c e  t h e  non- 

l i n e a r i t y  i n  t h e  system by i t s  d e s c r i b i n g  f u n c t i o n  and u s e  any s u i t a b l e  

l i n e a r  f requency  response  technique  t o  ana lyze  t h e  system. 

2.1 D e f i n i t i o n :  The d e s c r i b i n g  f u n c t i o n  i s  d e f i n e d  as  t h e  r a t i o  of t h e  

complex number r e p r e s e n t i n g  the fundamental  s i n u s o i d a l  component of t h e  

o u t p u t  of t h e  n o n l i n e a r i t y  t o  t h e  complex number r e p r e s e n t i n g  t h e  s i n u -  

s o i d a l  i n p u t .  

F i g u r e  1 - A Cont ro l  System 

I n  terms of t h e  e lements  shown i n  F i g u r e  1 ,  t h e  d e s c r i b i n g  f u n c t i o n  i s  

d e f i n e d  as 
Z1 ( j w )  

G~ = x(jw) (1) 
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is  t h e  d e s c r i b i n g  f u n c t i o n ,  2 ( j w )  r e p r e s e n t s  t h e  fundamental  where ' ' 

component of t h e  ou tpu t  Z ( j d  determined by t h e  F o u r i e r  a n a l y s i s  and X(jo> 

r e p r e s e n t s  t h e  s i n u s o i d a l  input  s i g n a l  x = X s i n  u t .  

1 GD 

'GD' may be a f u n c t i o n  of f requency  a s  w e l l  a s  t he  ampli tude of t h e  

i n p u t  t o  the  n o n l i n e a r i t y .  I f  no energy s t o r a g e  e l emen t s  a r e  p r e s e n t  i n  

t h e  n o n l i n e a r i t y  ' N . ,  t hen  GD is a f u n c t i o n  of t h e  ampl i tude  X a lone .  

can  be seen ,  t h e  replacement  of the  n o n l i n e a r i t y  i n  a c o n t r o l  sys tem by 

i t s  d e s c r i b i n g  f u n c t i o n  is v a l i d  as long  a s  t h e  inpu t  t o  the  n o n l i n e a r i t y  

i s  v e r y  n e a r l y  s i n u s o i d a l .  The assumption which is  u s u a l l y  made t o  j u s t i -  

f y  r e p l a c i n g  t h e  n o n l i n e a r i t y  by i t s  d e s c r i b i n g  f u n c t i o n  i s  t h a t  t h e  

l i n e a r  e l emen t s  i n  a c o n t r o l  s y s t e m  s e v e r e l y  a t t e n u a t e  t h e  h i g h e r  har -  

monics gene ra t ed  by the  n o n l i n e a r i t y  and t h a t  on ly  t h e  fundamental  com- 

ponent  appears  a t  t h e  inpu t  of t h e  n o n l i n e a r i t y .  T h i s  assumption i s  o f t e n  

A s  

1-6 

unnecessary  depending upon t h e  e x t e n t  t o  which h i g h e r  harmonics appear-  

ing  a t  t h e  i n p u t  t o  the  n o n l i n e a r i t y  a f f e c t  t h e  ampl i tude  and phase of 

t h e  d e s c r i b i n g  f u n c t i o n .  Now, c o n s i d e r  t h e  meaning of t h e  d e s c r i b i n g  

f u n c t i o n  i n  a l i t t l e  more d e t a i l .  When a n o n l i n e a r i t y  is  r ep laced  by i t s  

d e s c r i b i n g  f u n c t i o n ,  a s i n g l e  s i n e  wave of fundamental  f requency  i s  made 

t o  r e p r e s e n t  t h e  nons inuso ida l  ou tpu t  of t h e  n o n l i n e a r  e lement  d r i v e n  s i n u s -  

o i d a l l y .  T h i s  s i n g l e  s i n e  wave is chosen a s  b e s t  i n  some s e n s e .  When a 

F o u r i e r  a n a l y s i s  i s  a p p l i e d  t o  o b t a i n  t h e  b e s t  s i n e  wave from t h e  nonsinus-  

o i d a l  ou tpu t  of t h e  n o n l i n e a r i t y ,  t h e n  t h e  r e s u l t  i s  t h e  b e s t  i n  a minimum- 

rms-er ror  s e n s e .  It i s  p o s s i b l e  t o  d e f i n e  many o t h e r  forms of unconvent iona l  

d e s c r i b i n g  f u n c t i o n s .  An examplle can be g iven  a s  t o  o b t a i n  a s i n e  wave from 

t h e  nons inuso ida l  ou tpu t  of t he  n o n l i n e a r i t y  i n  such  a way t h a t  i t  w i l l  re- 

duce t h e  average  e r r o r  o r  t he  d i f f e r e n c e  between t h e  a r e a  of t h e  s e l e c t e d  

s i n e  wave and t h e  a c t u a l  ou tpu t  of t h e  n o n l i n e a r i t y  be ze ro .  Another  

example of s e l e c t i n g  the  b e s t  s i n e  wave may be such  t h a t  2 s i n e  wave has  
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t h e  ampli tude e q u a l  t o  t h e  peak v a l u e  of t h e  ampl i tude  found i n  t h e  non- 

s i n u s o i d a l  o u t p u t  of t h e  n o n l i n e a r i t y .  B u t  t h e s e  unconvent ional  d e s c r i b -  

i n g  f u n c t i o n s  do n o t  appear  t o  be of g e n e r a l  u s e f u l n e s s .  I n  f a c t ,  when  

t h e  l i n e a r  e lements  of t h e  c losed  loop  system t e n d s  toward a p e r f e c t  low 

p a s s  f i l t e r ,  t h e  e r r o r  of t h e  convent iona l  d e s c r i b i n g  f u n c t i o n  t e n d s  t o -  

ward zero.  

A new RMS d e s c r i b i n g  f u n c t i o n 1 9  h a s  been def ined  on an  e q u i v a l e n t  

energy  b a s i s  f o r  s i n g l e  valued n o n l i n e a r i t i e s .  The d e f i n i t i o n  i n  terms 

of F i g u r e  1 i s ,  

RMS Descr ib ing  F u n c t i o n  = 

1 / 2  

Experimental  e v i d e n c e  c i t e d  i n  t h e  r e f e r e n c e  (19)  i n d i c a t e s  t h a t  t h e  new 

RMS d e s c r i b i n g  f u n c t i o n  g i v e s  more a c c u r a t e  resu l t s  i n  a number of s y s -  

tems t h a n  does t h e  convent iona l  d e s c r i b i n g  f u n c t i o n .  S i n c e  t h e  new RMS 

d e s c r i b i n g  f u n c t i o n  i s  p r o h i b i t i v e l y  d i f f i c u l t  t o  evaluate and u s e  f o r  

m u l t i v a l u e d  n o n l i n e a r i t i e s ,  i t  i s  n o t  employed f o r  g e n e r a l  u s e .  

2 .2  S t a b i l i t y  A n a l y s i s :  When t h e  b l o c k  diagram of any c o n t r o l  system has 

been reduced t o  a s i n g l e  loop  c o n t a i n i n g  a n o n l i n e a r  b lock  as shown i n  

F i g u r e  1, t h e  - r e l a t i o n s h i p  can b e  w r i t t e n  a s  C 
R 

L e t  G ( j w )  = G ( j w )  G ( j w )  

The s t a b i l i t y  of t h e  system i s  determined from t h e  c h a r a c t e r i s t i c  e q u a t i o n  

1 2 

G ( j w )  GD = - 1 ( 3 )  
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may in gene ra l  be a f u n c t i o n  of ampli tude The d e s c r i b i n g  f u n c t i o n ,  

and f requency  of t h e  s i n u s o i d a l  e x c i t a t i o n .  Many times n o n l i n e a r  con- 

t r o l  sys tems e x h i b i t  c m s t a x t  ampli tude and c e n s t a n t  f requency  GscFl la -  

t i o n s .  These o s c i l l a t i o n s  are c a l l e d  l i m i t  c y c l e s .  The occurence of 

l i m i t  c y c l e s  i n  t h e  n o n l i n e a r  systems makes i t  necessa ry  t o  d e f i n e  i n -  

s t a b i l i t y  i n  terms of t h e  accep tab le  magnitudes of o s c i l l a t i o n s ,  s i n c e  a 

v e r y  small n o n l i n e a r  o s c i l l a t i o n  may no t  be d e t r i m e n t a l  t o  t h e  p e r f o r -  

mance of a system. On t h e  c o n t r a r y ,  sometimes such o s c i l l a t i o n  may even 

improve t h e  performance of a sys tem c o n t a i n i n g  s t i c t i o n  o r  backlash .  

The l i m i t  c y c l e s  are c a l l e d  s o f t  s e l f - e x c i t e d  when t h e y  occur  even i n  t h e  

presence  of a ve ry  small  i npu t  s i g n a l  t o  the  system. When t h e  l i m i t  

c y c l e s  occur  on ly  i n  t h e  presence of v e r y  l a r g e  i n p u t - s i g n a l s ,  t h e n  t h e y  

are c a l l e d  hard  s e l f  - exc i t ed  l i m i t  c y c l e s .  

GD J 

Cons ide ra t ion  of Equat ion ( 3 )  and t h e  n a t u r e  of G and G ( j w )  shows D 

t h a t  t h e  s e l f - s u s t a i n e d  o s c i l l a t i o n s  may e x i s t  when Equat ion  ( 3 )  i s  s a t i s -  

f i e d ,  o r  when 

1 G ( j w )  = - - 
GD 

For  a p a r t i c u l a r  system, t h e  f u n c t i o n s  G ( j o 1  

t h e  complex p lane .  The i n t e r s e c t i o n  between 

and - - can be ske tched  i n  

t h e  l o c i  of G ( j w )  and - - GD 1 

GD 
corresponds  t o  t h e  s o l u t i o n  of t h e  c h a r a c t e r i s t i c  Equat ion  ( 3 ) .  I t  t h u s  

r e p r e s e n t s  a p o s s i b l e  p e r i o d i c  s o l u t i o n  t o  t h e  e q u a t i o n s  d e s c r i b i n g  t h e  

system. 

If t h e  n o n l i n e a r i t y  i n  a system i s  such t h a t  i t s  d e s c r i b i n g  f u n c t i o n  

i s  n o t  a f u n c t i o n  of f requency and does not  i n t r o d u c e  any phase s h i f t ,  

t h e n  t h e  d e s c r i b i n g  f u n c t i o n  may be cons ide red  as  a v a r i a b l e  g a i n .  The 

c o n t r o l  system c o n t a i n i n g  such a n o n l i n e a r i t y  i s  s t a b l e  i f  it i s  s t a b l e  

f o r  t h e  maximum ga in .  S i n g l e  valued n o n l i n e a r i t i e s  a r e  of t h i s  t ype .  
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When such  n o n l i n e a r i t i e s  a r e  p re sen t  i n  c o n d i t i o n a l l y  s t a b l e  sys tems,  

r o o t  l o c u s  and Bode p l o t s  a r e  probably the  s i m p l e s t  t o  use,  s i n c e  a 

v a r i a b l e  g a i n  in t rod i i ces  n o  char;ge ir, any ef t h e  cGrve shapes .  

Desc r ib ing  f u n c t i o n s  which a r e  bo th  ampl i tude  and f r equency  s e n s i -  

t i v e  a r e  a s s o c i a t e d  wi th  components i n  which t h e r e  are  one o r  more energy  

s t o r a g e  u n i t s  t o g e t h e r  w i t h  a n o n l i n e a r  c h a r a c t e r i s t i c  which i s  r e l a t e d  

t o  t h e  ene rgy- s to rage  p r o p e r t y  i n  such  a way t h a t  mathematical  s e p a r a t i o n  

i n t o  d i s t i n c t  l i n e a r  and n o n l i n e a r  p a r t s  i s  n o t  f e a s i b l e .  Fo r  such  de- 

v i c e s  a f ami ly  of d e s c r i b i n g  f u n c t i o n s  has  t o  be gene ra t ed  and a d i g i t a l  

o r  ana log  computer may be necessary .  Fo r  t h e  s t a b i l i t y  i n t e r p r e t a t i o n s  

of t h e  c o n t r o l  system c o n t a i n i n g  n o n l i n e a r i t i e s  whose d e s c r i b i n g  f u n c t i o n s  

are both  ampl i tude  and frequency s e n s i t i v e ,  Nichols  c h a r t s  may be t h e  most 

convenient  t o  use .  Chapter  IV of t h i s  d i s s e r t a t i o n  c l e a r l y  o u t l i n e s  t h e  

use of Nichols  c h a r t s  i n  such c a s e s .  

1 When t h e  i n t e r s e c t i o n  between G(jd and - - has  been determined o r  
GD 

when t h e  s o l u t i o n  of t h e  c h a r a c t e r i s t i c  Equa t ion  ( 3 )  has  been found,  it 

i s  n e c e s s a r y  t o  examine such a s o l u t i o n  by p e r t u r b a t i o n  techniques18  t o  

de te rmine  whether  i t  r e p r e s e n t s  a convergent  e q u i l i b r i u m  o r  a d i v e r g e n t  

e q u i l i b r i u m  p o i n t .  
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CHAPTER I11 

THE DERIVATION OF THE DESCRIBING FUNCTIONS 
FOR TWO MULTIPLE NONLINEARITIES 

Desc r ib ing  f u n c t i o n s  f o r  a s i n g l e  n o n l i n e a r i t y  have been d e r i v e d  by 

1-11 many a u t h o r s  i n  t h e  p a s t .  Desc r ib ing  f u n c t i o n  a n a l y s i s  has  been 

s u c c e s s f u l l y  a p p l i e d  t o  c o n t r o l  systems c o n t a i n i n g  two n o n l i n e a r i t i e s  

which a r e  a d j a c e n t  i n  t h e  c o n t r o l  system. I n  such c a s e s  a d e s c r i b i n g  12-15 

f u n c t i o n  of two n o n l i n e a r i t i e s  i s  gene ra t ed  by c o n s i d e r i n g  them a s  a 

7 s i n g l e  n o n l i n e a r  e lement .  S r i d h a r  has  sugges ted  a g e n e r a l  method f o r  

d e r i v i n g  d e s c r i b i n g  f u n c t i o n  f o r  a c e r t a i n  c l a s s  of n o n l i n e a r i t i e s .  By 

t h i s  method it is  o f t e n  poss ib l e  t o  d e r i v e  t h e  d e s c r i b i n g  f u n c t i o n  of 

two a d j a c e n t  n o n l i n e a r i t i e s .  

When two n o n l i n e a r i t i e s  are s e p a r a t e d  by one o r  more l i n e a r  b l o c k s ,  

t h e  a n a l y s i s  becomes more complicated due t o  t h e  f a c t  t h a t  t h e  inpu t  t o  

t h e  second n o n l i n e a r i t y  depends upon t h e  f i r s t  i n  a manner such  t h a t  i t  

invo lves  f r equency .  When t h e  i n t e r v e n i n g  l i n e a r  b lock  i s  of h igh  o r d e r ,  

i t  w i l l  a c t  a s  a good low pass  f i l t e r  and t h e  i n p u t  t o  t h e  second non- 

l i n e a r i t y  can  be assumed s i n u s o i d a l .  I n  such a c a s e  t h e  a n a l y s i s ,  even  

though a b i t  more compl i ca t ed ,  can  be car r ied  o u t  by t echn iques  d e s c r i b e d  

by T h a l e r  and P a s t e l .  6 

3.1 F i r s t  M u l t i p l e  Non l inea r i ty :  Cons ide r  t h e  problem of d e r i v i n g  t h e  

d e s c r i b i n g  f u n c t i o n  of two n o n l i n e a r i t i e s  s e p a r a t e d  by a f i r s t  o r d e r  l i n e a r  

b lock .  S i n c e  the l i n e a r  element c o n t a i n s  i n s u f f i c i e n t  f i l t e r i n g  t o  per -  

m i t  t h e  assumption of a s i n u s o i d a l  i n p u t  t o  t h e  second n o n l i n e a r i t y  t h e  

d e s c r i b i n g  f u n c t i o n  has  t o  be de r ived  by c o n s i d e r i n g  the  n o n l i n e a r i t i e s  

and t h e  f i r s t  o r d e r  l i n e a r  block as one n o n l i n e a r  e lement .  Such a de- 

s c r i b i n g  f u n c t i o n  is amp1 i t u d e  and f requency  dependent .  A combinat ion of 
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a deadzone w i t h  t h e  h a l f  width as ' 6 '  and t h e  b a c k l a s h  e lement  w i t h  t h e  

w i d t h  ' W '  s e p a r a t e d  by a l i n e a r  b l o c k  H ( s )  = 
+ 'Gs 

i s  shown i n  F i g u r e  2. 

F i g u r e  2 - F i r s t  M u l t i p l e  N o n l i n e a r i t y  

A c t u a l l y  F i g u r e  2 can  b e  redrawn a s  f o l l o w s .  

F i g u r e  3 - N o n l i n e a r i t y  Equiva len t  t o  F i r s t  M u l t i p l e  N o n l i n e a r i t y  

as shown i n  F i g u r e  1 ,  t h e n  it can b e  r e p l a c e d  by F i g u r e  3 and t h e  g a i n  K 

can b e  combined w i t h  t h e  l i n e a r  b l o c k .  So i t  i s  o n l y  n e c e s s a r y  t o  d e r i v e  

t h e  d e s c r i b i n g  f u n c t i o n  f o r  F i g u r e  3 .  The response  x ( t >  of t h e  deadzone 

t o  a s i n u s o i d a l  i n p u t  f u n c t i o n  r = I s i n  o t i s  i n d i c a t e d  i n  F i g u r e  4. 
0 

I L,' 

F i g u r e  4 - Output of t h e  Deadzone Element 
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I n  terms of t h e  e l emen t s  g iven  i n  F i g u r e  3 and F i g u r e  4 ,  x ( t )  can  be  

w r i t t e n  as 

x ( t >  = 0 o e w t c p  
0 -  - 

= (I s i n  o t - 6) p e w t < n - p 
0 -  - 0 

= o  

= (1 s i n  oot + 6 )  n + 8 c oot 2n - p - 
= o  2n - p c w o t  - < - 2n - - - (5 )  

To compute y ( t ) ,  l e t  H ( s 1  be  sub jec t ed  t o  a p e r i o d i c  f u n c t i o n  x ( t ) .  

Def ine  x ( t )  such t h a t  it e q u a l s  x ( t )  for on ly  one c y c l e  o r  1 

x ( t )  = x ( t >  - - - 0 < w t < 2n 
1 - 0 -  

= 0 - - - w t > 2n 
0 

x l ( t  - 2nK u ( t  - -1 2nK where u i s  a u n i t  s t e p  f u n c t i o n .  w c 0 0 

Then x ( t )  = 

K= 0 

2nK - -s 00 
w 

The Lap lace  t r a n s f o r m  of x ( t )  = X(s) = X, ( s )  0 

The complete  r e sponse  f o r  a l l  t i m e  i s  t h e r e f o r e ,  

Y C ( t )  = i 
I n  e v a l u a t i n g  t h e  complete  response  y ( t )  f o r  a l l  t i m e  t h e  r e s i d u e  of 

Y c ( s ) e  

sponse and t h o s e  a t  t h e  s i n g u l a r  p o i n t s  of H(s) c o n s t i t u t e  t h e  t r a n s i e n t .  

C 

s t  a t  t h e  s i n g u l a r  p o i n t s  of X ( s )  c o n s t i t u t e  t h e  s t e a d y  s t a t e  re- 

16 

T h i s  t r a n s i e n t  s o l u t i o n  can t h e r e f o r e  be w r i t t e n  as 

st x,(s)Hcs)e 
a t  t h e  p o l e s  of H(s) (7) - 2n s/w 

Y ( t )  =E Residue of T 
(1-e O) 
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S u b t r a c t i n g  t h e  t r a n s i e n t  response from t h e  complete s o l u t i o n  f o r  t h e  f i r s t  

p e r i o d ,  t h e  r e s u l t  w i l l  be t h e  s t e a d y  s t a t e  s o l u t i o n  y ( t > .  

y,(t> - - -  o < w t < 2 ~ t  ---(81 
0 -  - 

A s  shown i n  Appendix I ,  y ( t >  can be d e r i v e d  by P c o n s i d e r a t i o n  of Equat ions  

(51, (61, (71 ,  and ( 8 ) .  The s t eady  s t a t e  ou tpu t  z ( t >  of t h e  backlash  

e lement  can  be determined from y ( t > .  L e t  t h e  maximum of y ( t 1  = M and 

suppose t h i s  maximum occurs  a t  t = TM. Then f o r  M > W 

z ( t 1  = y ( t )  - w/2 - - - o < t < T  - - M  

= y(TM) - W/2 - - - T < t < T M -  - B 

= y ( t >  + W/2 - - - T < t < R/O 
B -  - 0 

where T i s  d e f i n e d  by W = I y(TB) - y(TM) I . F o r  W/2 < M e W - -  B 

z ( t >  = - (M - W/2) - - - - o < t < T 
C - -  

= y ( t )  - W/2 - - - - - - T < t < T 
C -  - M 

= M - W / 2 - - - - - - T M < t < ~ / u  
0 - -  

where T 

be determined a s  i n d i c a t e d  i n  Appendix 11. F o r  v a l u e s  of TO << 1,  t h e  

two n o n l i n e a r i t i e s  can  be cons idered  as one n o n l i n e a r  e lement  and i t s  

d e s c r i b i n g  f u n c t i o n  is d e r i v e d  i n  Appendix 111. The v a l u e s  of GD and 

@ f o r  v a r i o u s  v a l u e s  of nondimensional ized f r equency  TO , normal ized  r a t i o  

bK/w and b/I  a r e  l i s t e d  i n  Tables  I through V I I .  S ince  t h e  i n t e n t  i s  t o  pre-  

s e n t  t he  d a t a  i n  such  a way t h a t  i t  can  be c o n v e n i e n t l y  used ,  N icho l s  p l o t s  

of t h e  d e s c r i b i n g  f u n c t i o n  are g iven  i n  F igu re  5 th rough F i g u r e  11. 

is  d e f i n e d  by y(Tc) = W - M .  The d e s c r i b i n g  f u n c t i o n  can t h e n  
C 

0 

0 
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3 .2  Second M u l t i p l e  N o n l i n e a r i t y :  - Another problem of i n t e r e s t  is  t h a t  

of two n o n l i n e a r i t i e s  s epa ra t ed  by a second o r d e r  l i n e a r  b lock  which is  

-- 

underdamped. A n o n l i n e a r  b lock  of r e l a y  w i t h  h y s t e r e s i s ,  second o r d e r  

l i n e a r  b lock  and back la sh  i s  shown i n  F igu re  12 .  

F igu re  12 - Second M u l t i p l e  N o n l i n e a r i t y .  

The i n p u t  t o  t h e  second n o n l i n e a r i t y ,  t h a t  is  back la sh ,  can be r i c h  i n  

harmonics  when t h e  n o n l i n e a r  block is  d r i v e n  wi th  a s i n u s o i d .  The harmonic 

c o n t e n t  w i l l  of cour se  be a f u n c t i o n  of i n p u t  s i n u s o i d a l  f r equency ,  z e t a  

and w . There fo re ,  the  d e s c r i b i n g  f u n c t i o n  has  t o  be d e r i v e d  by cons ide r -  

ing  t h e  n o n l i n e a r i t i e s  and the  second o r d e r  l i n e a r  b lock  a s  one n o n l i n e a r  

e lement .  F i g u r e  13 i s  f u n c t i o n a l l y  e q u i v a l e n t  t o  F i g u r e  1 2 .  T h e r e f o r e ,  

t h e  d e s c r i b i n g  f u n c t i o n  f o r  F igure  13 w i l l  be d e r i v e d .  Let M(' = K. 

n 

F igu re  13  - N o n l i n e a r i t y ,  Equiva len t  t o  Second M u l t i p l e  N o n l i n e a r i t y  

The response  x ( t >  of t h e  r e l a y  w i t h  h y s t e r e s i s ,  t o  a s i n u s o i d a l  i n p u t  

f u n c t i o n  r = I s i n  w t i s  shown i n  F igu re  14. 
0 

Figure  14 - Output of t h e  Relay w i t h  H y s t e r e s i s .  
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From a c o n s i d e r a t i o n  of F igu re  14, it  can be s e e n  t h a t  x ( t 1  is always a 

square  wave wi th  a u n i t y  ampli tude and i t s  f requency  i s  e q u a l  t o  t h a t  

of t h e  i n p u t  e r c i t a t i o n .  Only t h e  phase sh i f t  changes w i t h  t h e  magnitude 

of I .  T h e r e f o r e ,  f o r  a l l  p r a c t i c a l  purposes  t h e  second o r d e r  l i n e a r  b lock  

has  an i n p u t  of a square  wave w i t h  t h e  f i r e d  ampli tude of u n i t y  and f r e -  

quency e q u a l  t o  w . The f i r s t  s t e p  is, t h e r e f o r e ,  t o  d e r i v e  the  o u t p u t  

y ( t >  of t h e  second o r d e r  l i n e a r  b lock  when e x c i t e d  w i t h  a square  wave. 

From y ( t 1 ,  z ( t >  can be computed e x a c t l y  i n  t h e  same manner as the  p rev ious  

n o n l i n e a r i t y  and t h e n  t h e  fundamental  F o u r i e r  Component A and B of z ( t 1  

can  be ob ta ined  by numerical  t echn iques .  The d e t a i l s  of t h e  computa t ion  

of y ( t >  are shown i n  ADpendix I V ,  whi le  t h e  computat ion of z ( t >  and t h e  

fundamental  F o u r i e r  components A and B are i n d i c a t e d  i n  Appendix V. 

When w /on e< 1 .0 ,  t h e  n o n l i n e a r i t i e s  can  be cons ide red  a s  be ing  a d j a c e n t  

t o  each  o t h e r  and its d e s c r i b i n g  f u n c t i o n  i s  de r ived  i n  Appendix V I .  Note 

t h a t  GD i s  computed f o r  b = 0.0 and I = 1 . 0 ,  s i n c e  f o r  a g i v e n  b t h e  phase 

s h i f t  of s i n  b / I  f o r  v a r i o u s  v a l u e s  of I can  be added t o  t h e  d e s c r i b i n g  

f u n c t i o n  and i t s  magnitude can be d iv ided  by t h e  va lue  of I l a t e r  on. The 

values of t h e  d e s c r i b i n g  f u n c t i o n  GD and phase @ f o r  v a r i o u s  values of 

t h e  nondimensional ized frequency o /o ,normal ized  r a t i o  KFJ and z e t a  are o n  

l i s t e d  i n  Table  V I 1 1  t h rough  Table X I I I .  Again t h e  i n t e n t  be ing  t o  p r e s e n t  

t h e  d a t a  i n  i t s  most u seab le  form, t h e  Nichols  p l o t s  of t h e  d e s c r i b i n g  

f u n c t i o n s  are g iven  i n  F i g u r e  1 5  th rough  F i g u r e  20 .  The use of t h e s e  p l o t s  

are a l i t t l e  compl ica ted  but  once the  t echn ique  i s  unders tood  by t h e  user  

it is  q u i t e  s t r a i g h t f o r w a r d .  

0 

1 1 

1 1 

0 

-1 



CHAPTER I V  

SAMPLE PROBLEMS INDICATING USE OF THE 
GENEFUTED DESCRIBI EG FUNCTIONS 

The d e s c r i b i n g  f u n c t i o n s  f o r  two m u l t i p l e  n o n l i n e a r i t i e s  have been 

d e r i v e d  i n  t h e  l a s t  c h a p t e r  and  t h e  Nichols  P l o t s  of  t h e s e  d e s c r i b i n g  

f u n c t i o n s  are g i v e n  i n  F i g u r e  5 th rough F i g u r e  11 and F i g u r e  1 5  through 

F i g u r e  20. I n  us ing  t h e s e  p l o t s  t h e r e  a r e  several v a r i a b l e s  which a l l o w  

t h e  e n g i n e e r  a g r e a t  d e a l  of f l e x i b i l i t y  i n  d e s i g i n g  f o r  t h e  proper  con- 

t r o l  system performance. A t y p i c a l  c o n t r o l  system i s  shown i n  F i g u r e  21 

where c;L( jw 

i n g  f u n c t i o n  of t h e  combined nonl i n e a r  b lock .  

i s  any l i n e a r  p l a n t  t r a n s f e r  f u n c t i o n  and G i s  t h e  d e s c r i b -  
0 D 

I U I 

F i g u r e  21 - A Typical Cont ro l  System 

I n  us ing  t h e  d e s c r i b i n g  f u n c t i o n  curves,  several p o i n t s  m u s t  be  cons idered:  

(1) The problem parameters  t h a t  are f i x e d  and t h a t  a r e  v a r i a b l e ;  

(2 )  Whether a l l  l i m i t  c y c l e s  are t o  be avoided a s  u n d e s i r a b l e ;  

( 3 )  The d i s t r i b u t i o n  of g a i n  between t h e  l i n e a r  and t h e  n o n l i n e a r  

b lock .  

4.1 A Sample Problem Containing F i r s t  M u l t i p l e  N o n l i n e a r i t y :  Cons ider  a 
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c o n t r o l  system i n  which t h e  n o n l i n e a r  b lock  c o n s i s t s  of a deadzone, back- 

l a s h  and a s e p a r a t i n g  l i n e a r  block. S i n c e  f o r  t h e  s t a b i l i t y  a n a l y s i s  t h e  

c h a r a c t e r i s t i c  e q u a t i o n  

h a s  t o  be so lved ,  t h e  fo l lowing  s t e p s  i n d i c a t e  t h e  procedure.  

(1) Form a 6 K / W r a t i o  and select  t h e  cor responding  d e s c r i b i n g  func-  

t i o n  f a m i l y  of Nichols  p l o t  from F i g u r e  5 through F i g u r e  11. 

( 2 )  P l o t  K I GLI versus i t s  phase a n g l e  8 w i t h  TU as a parameter .  

( 3 )  Superimpose t h e  curve p l o t t e d  i n  s t e p  ( 2 )  on t h e  d e s c r i b i n g  

L 0 

f u n c t i o n  f a m i l y  s e l e c t e d  i n  s t e p  (1) and look f o r  an i n t e r s e c -  

t i o n  between t h e s e  curves  a t  a p r o p e r  v a l u e  of ?;a . I f  t h e  

i n t e r s e c t i o n  e x i s t s ,  t h e n  it can be a convergent  or a d i v e r -  

g e n t  e q u i l i b r i u m  p o i n t  and a s tab le  or an  u n s t a b l e  l i m i t  c y c l e  

may e x i s t .  Consider  a s p e c i f i c  problem i n  which 

0 

K = 1.0 , 

6 = W = 1.5 u n i t s  , 

and 7 = 0.1 

The p l o t  of \GL\  versus 8 

F i g u r e  22. A s  6K/W = 1.0, F i g u r e  5 i s  t h e  a p p r o p r i a t e  d e s c r i b i n g  f u n c -  

t i o n  fami ly .  

t h a t  t h e  i n t e r s e c t i o n  o c c u r s  a t  o = 1.25 rad ians /seconds .  F u r t h e r  ex-  

aminat  ion  by p e r t u r b a t i o n  technique18 r e v e a l s  t h a t  t h i s  i n t e r s e c t  ion  i s  

a convergent  e q u i l i b r i u m  p o i n t  and t h e  system w i l l  have a s t a b l e  l i m i t  

c y c l e .  The l i m i t  c y c l e  a m p l i t u d e  can  be read o f f  t h e  curves i f  t h i s  i n -  

f o r m a t i o n  i s  d e s i r e d .  

w i t h  0.1 wo as t h e  parameter  i s  shown i n  L 

Superimposing 151 versus 8 p l o t  on F i g u r e  5 i n d i c a t e s  L 

0 

The i n t e r s e c t i o n  p o i n t  i s  on t h e  curve 6/I = 0.41. 
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1 .5  
0.41 S i n c e  b = 1 . 5 ,  I = -- = 3.56. There are many more v a r i a t i o n s  t o  t h i s  

example which can be p re sen ted .  F o r  i n s t a n c e  ' K '  can be v a r i e d  which i n  

t u r n  changes t h e  impor tan t  bK/W parameter .  The t ime c o n s t a n t  T can a l s o  

be v a r i e d .  

It should  be noted t h a t  if no i n t e r s e c t i o n  between \ G \ v e r s u s  8 curve L L 

and t h e  a p p r o p r i a t e  d e s c r i b i n g  f u n c t i o n  f ami ly  e x i s t s ,  it does no t  neces- 

s a r i l y  mean t h a t  t he  system i s  s t a b l e .  On the  c o n t r a r y  such  a system may 

be comple te ly  u n s t a b l e  f o r  i t  may p o s s e s s  nega t ive  phase margin.  This  

can  be determined a s  fo l lows .  Suppose t h e  system i s  comple te ly  u n s t a b l e .  

Then t h e  ampl i tude  ' I '  w i l l  con t inusous ly  i n c r e a s e  i n  time and w i l l  become 

a p p r e c i a b l y  l a r g e r  than  b and W .  I n  such  c a s e s  t h e  a p p r o p r i a t e  d e s c r i b i n g  

f u n c t i o n  f ami ly  of Nichols  p l o t  w i l l  be reduced t o  a s i n g l e  curve c o r r e -  

sponding  t o  8/I = 0.0.  I f  we can l o c a t e  a f requency  on I G  I versus 8 L 

curve such  t h a t  t h e  g a i n  i n  dbs a t  t h i s  f requency  i s  i d e n t i c a l  t o  t h e  

co r re spond ing  f requency  on t h e  curve reduced from t h e  d e s c r i b i n g  f u n c t i o n  

f a m i l y  of Nichols  p l o t  f o r  b / I  = 0 .0 ,  t h e n  the  system is  comple te ly  u n s t a b l e ;  

o t h e r w i s e  it is  s t a b l e .  

L 

4 .2  A Sample Problem Conta in ing  Second M u l t i p l e  N o n l i n e a r i t y :  When a con- 

t r o l  system c o n t a i n s  a r e l a y  wi th  h y s t e r e s i s  fo l lowed by a second o r d e r  

l i n e a r  b lock  and back la sh ,  t h e  s t a b i l i t y  a n a l y s i s  i s  s i m i l a r  t o  t h a t  d i s -  

cussed  e a r l i e r  i n  t h i s  c h a p t e r ;  b u t  t h e  procedure of i n v e s t i g a t i n g  t h e  

e x i s t e n c e  of l i m i t  c y c l e s  is a l t o g e t h e r  d i f f e r e n t .  The d e s c r i b i n g  func-  

t i o n  f o r  t h e  second m u l t i p l e  n o n l i n e a r i t y  was d e r i v e d  f o r  a p a r t i c u l a r  c a s e  

i n  which 6 ,  t h e  ha l f  h y s t e r e s i s  w i d t h  of t h e  r e l a y ,  was cons ide red  z e r o  and 

t h e  i n p u t  s i n u s o i d a l  e x c i t a t i o n  t o  t h e  r e l a y  had a f i x e d  ampl i tude  of 1 .0 .  

S i n c e  i n  a c o n t r o l  problem, t h e  r e l a y  h y s t e r e s i s  may n o t  be z e r o  and 

t h e  ampl i tude  of t h e  l i m i t  cyc l e  may be o t h e r  t h a n  1 .0 ,  t h e  d e r i v e d  des-  
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c r i b i n g  f u n c t i o n  curves have t o  be used w i t h  some c a r e .  Note t h a t  t h e  

d e s c r i b i n g  f u n c t i o n  was de f ined  ( r e f e r  t o  F i g u r e  13 and Appendix 

where A 

(9) can  be w r i t t e n  a s  

and B1 a r e  t h e  fundamental  F o u r i e r  components of z ( t J .  1 

V) as 

(91  

Equat ion  

1 
-' + 20 l o g  L , / ( b / I .  + 20 l o g  6. = 20 l o g  JR 

I t  w a s  a l s o  observed  t h a t  t h e  r e l a y  h y s t e r e s i s  merely produces a phase 

s h i f t  i n  i t s  o u t p u t  when e x c i t e d  w i t h  a s i n u s o i d ,  and t h e  o u t p u t  wave 

shape is  u n a l t e r e d  eventhough the ampl i tude  of t h e  s i n u s o i d a l  e x c i t a t i o n  

is v a r i e d .  S o ,  f o r  a g e n e r a l  problem, among the  pa rame te r s  i n  t h e  d e r i v e d  

d e s c r i b i n g  f u n c t i o n  cu rves ,  t he  phase s h i f t  has  t o  be modif ied by s in- '  

b / I  and t h e  magnitude by E O  l og  ( l / b / I )  + 2 0  l o g  

n e v e r  be l e s s  t h a n  6 and f o r  6 = I ,  s i n  6/1 = 90 degrees .  The procedure  

. Note t h a t  ' I '  can  

-1 

of modifying and u s i n g  t h e  de r ived  d e s c r i b i n g  f u n c t i o n  cu rves  f o r  a g e n e r a l  

problem is  as f o l l o w s .  

(1)  Fo r  a c e r t a i n  problem z e t a ,  w K ,  6 and W are g i v e n .  A l so  t h e  n '  

P l o t  K IGLl versus i t s  phase l i n e a r  b lock  t r a n s f e r  f u n c t i o n  G is  g iven .  

angle  BL w i t h  ao/wn a s  t h e  nondimensional i zed  f requency .  

L 

(2)  F ind  20  l o g  b 



( 3 )  s 

I 
I 
I 
1 
I 
I 
I 
I 
1 
8 
I 
I 
I 
I 
I 
1 
I 
1 
i 

1 c t  t h e  p 

18 

oper d e s c r i b i n g  f u n c t i o n  curve  f o r  a p p r o p r i a t e  

K/W and z e t a ,  from F i g u r e  15  th rough  Figure  20. 

(4) Over lay  the  d e s c r i b i n g  f u n c t i o n  curve  ob ta ined  i n  s t e p  (3)  on 

ob ta ined  i n  s t e p  ( l ) ,  c o i n c i d i n g  t h e  p l o t  of K I GJ versus 8 

t h e  (Odb, -180') po in t  of t he  d e s c r i b i n g  f u n c t i o n  curve  w i t h  

t h e  (Odb, -90") po in t  of t h e  p l o t  of K I GL\ 

L 

L'  v e r s u s  8 

(5)  Move t h e  d e s c r i b i n g  f u n c t i o n  g raph  d i r e c t l y  upwards by t h e  

dbs  ob ta ined  i n  s t e p  (2 ) .  

( 6 )  Obta in  a curve  of 2 0  l o g  (I/&)) vs  s in- '  ( b / I )  w i t h  t h e  r a t i o  

of b / I  as running  parameter .  Note t h a t  t h i s  is  a g e n e r a l i z e d  

curve and should  be k e p t  w i th  t h e  d e s c r i b i n g  f u n c t i o n  p l o t s  

f o r  any f u t u r e  use. Such a curve  i s  shown i n  F i g u r e  24. 

( 7 )  Superimpose t h e  curve of F igu re  24 on t h e  d e s c r i b i n g  f u n c t i o n  

curve  by c o i n c i d i n g  b / I  = 1.0 p o i n t  a t  any f requency  on t h e  

d e s c r i b i n g  func t io i i  ciirve. I f  the curve of Figure 24 i n t e r s e c t s  

the  p l o t  of K \GL\ versus 8 

a l i m i t  c y c l e  a t  t h a t  f requency .  The ampl i tude  of t he  l i m i t  

c y c l e  can  be determined from t h e  value of b / I  a t  which F i g u r e  

2 4  i n t e r s e c t s  with t h e  p l o t  of K \ G  \ versus 8 L 

a t  the  same f requency  t h e n  we have L 

L '  

Cons ider  a sample problem shown i n  F igu re  23.  The p l o t  of K IGLl is 

shown i n  F igu re  25. S ince  K/W = 1 . 0  and z e t a  = 0 . 1 ,  t h e  p rope r  d e s c r i b i n g  

f u n c t i o n  curve  i s  F i g u r e  1 5 .  
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Figure  23 - A Sample Problem Con ta in ing  Second M u l t i p l e  N o n l i n e a r i t y .  

Now 20 l o g  6 = 20 l o g  3 . 0  = 9.542; t h e r e f o r e  superimpose t h e  d e s c r i b i n g  

f u n c t i o n  of F igu re  1 5  on Figure  2 5  such t h a t  t h e  ze ro  d b  a x i s  i s  e x a c t l y  

9.542 dbs  above, and -180' po in t  on the  d e s c r i b i n g  f u n c t i o n  curve  c o i n -  

c i d e s  w i t h  -90" p o i n t  of t he  p l o t  of K \G \ v e r s u s  8 c u r v e .  Superimpose 

F igu re  24 on t h e  d e s c r i b i n g  f u n c t i o n  curve such  t h a t  611 = 1 . 0  p o i n t  

c o i n c i d e s  w i t h  f requency  w /w = 0.823. The curve of F igu re  24 w i l l  

i n t e r s e c t  K \ G  \ v e r s u s  8 curve a t  w /w = 0.823 and 6 / I  = 0.2.  So t h e  

L L 

o n  

L L o n  

1 i m i t  c y c l e  f requency  i s  0.823 rad  i ans l seconds  and the amp1 i t u d e  

I = b/0.20 = 3/0.20 = 15.0 u n i t s .  

I t  is i n t e r e s t i n g  t o  note  t h a t  f o r  v a l u e s  of b approaching  z e r o ,  t h e  

q u a n t i t y  20 l o g  6 i s  going  t o  approach minus i n f i n i t y .  According t o  t h e  

s t e p  (51, t h e  s e l e c t e d  d e s c r i b i n g  f u n c t i o n  p l o t  w i l l  have t o  be moved t o  

minus i n f i n i t y  and t h e n  F i g u r e  24  w i l l  be used t o  f i n d  t h e  a p p r o p r i a t e  

i n t e r s e c t i o n  wi th  t h e  K GL\ v e r s u s  8 curve. As a mat ter  of f a c t  when 

B = 0, t h e r e  i s  a s i m p l e r  procedure t o  s o l v e  t h e  problem s i n c e  the  des-  

c r i b i n g  f u n c t i o n  p l o t s  shown i n  F i g u r e  1 5  through Figure  20 a r e  d e r i v e d  

L 

f o r  ti = 0.0 and I = 1 .0 .  

f u n c t i o n  curve  ob ta ined  i n  s t e p  ( 3 )  on t h e  p l o t  of K \GL\  versus 8 

I n  such a case s imply  o v e r l a y  t h e  d e s c r i b i n g  

L 
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ob ta ined  i n  s t e p  (11 ,  c o i n c i d i n g  the  (Odb, -180") p o i n t s  of bo th  the  c u r v e s  

w i t h  each  o t h e r .  Move t h e  d e s c r i b i n g  f u n c t i o n  cu rve  d i r e c t l y  up o r  down 

and l o c a t e  t h e  i n t e r s e c t i o n  between t h e  d e s c r i b i n g  f u n c t i o n  p l o t  and K I t \  
v e r s u s  8, p l o t  a t  a common frequency.  

quency. The ampli tude of t he  l i m i t  c y c l e  can be found from t h e  amount of 

d i sp lacement  of t he  d e s c r i b i n g  f u n c t i o n  p l o t  s i n c e  it  w i l l  be equa l  t o  

Th i s  w i l l  be t h e  l i m i t  c y c l e  f r e -  

2 0  l o g  I .  

I n  p r a c t i c e ,  many c o n t r o l  systems have more t h a n  one n o n l i n e a r  r e l a -  

t i o n s h i p  i n  t h e  c o n t r o l  sequence.  Some p r a c t i c a l  c a s e s  i n  which t h e  two 

m u l t i p l e  n o n l i n e a r i t i e s  d i scussed  i n  t h i s  d i s s e r t a t i o n  a r e  p r e s e n t  i nc lude :  

( a )  A simple r e l a y  servomechanism i n  which a r e l a y  w i t h  h y s t e r e s i s  

d r i v e s  a to rque  motor, t h e  ou tpu t  s h a f t  of which has  a f r e e  

p l ay  - 

(b)  Systems c o n t a i n i n g  two s t a g e s  of pneumatic  a m p l i f i c a t i o n ,  

t h e  f i r s t  stage a m p l i f i e r  having a deadzone wh i l e  t h e  second 

stage has  a f i r s t  o rde r  l a g  and it  d r i v e s  a gear t r a i n  which 

has  a backlash .  

( c )  A gyroscope measuring t h e  d i f f e r e n c e  between t h e  d e s i r e d  r o l l  

angle  and t h e  a c t u a l  r o l l  angle  having  a deadzone,  a c t u a t e s  a 

servomechanism having a f i r s t  o r d e r  l a g  which i n  t u r n  a c t u a t e s  

the  a i l e r o n s  which h a s  a f r e e  p l a y .  

(d)  A t ime optimum c o n t r o l  system i n  which an on-off dev ice  d r i v e s  

an underdamped second o r d e r  s e r v o ,  t h e  mechanical  ou tpu t  of 

which has  a backlash .  
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CHAPTER V 

ACCURACY CONSIDERATIONS AND COMPARISON 
WITH ANALOG COMPUTER RESULTS 
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The d e s c r i b i n g  f u n c t i o n  i s  d e r i v e d  under  t h e  assumption t h a t  t h e  

i n p u t  s i g n a l  t o  the  n o n l i n e a r i t y  e lement  is  s i n u s o i d a l .  I t  f o l l o w s  t h a t  

t h e  d e s c r i b i n g  f u n c t i o n  w i l l  provide a c c u r a t e  resul ts  when t h i s  b a s i c  

assumption i s  s a t i s f i e d .  Admit tedly t h e  d e s c r i b i n g  f u n c t i o n  method i s  

an  approximate one s i n c e  t h e  r e s u l t s  a r e  less a c c u r a t e  when t h e  harmonics 

i n  t h e  inpu t  s i g n a l  t o  t h e  n o n l i n e a r i t y  are n o t  n e g l i g i b l e .  There i s  no 

way t o  compute a u n i v e r s a l  ' c o r r e c t e d '  d e s c r i b i n g  f u n c t i o n  s i n c e  t h e  e r r o r  

depends on t h e  f i l t e r i n g  a c t i o n  of t h e  l i n e a r  sys tem i n  which t h e  non- 

l i n e a r i t y  i s  i n c o r p o r a t e d .  A knowledge of t h e  harmonic c o n t e n t  i n  t h e  

o u t p u t  of t h e  n o n l i n e a r i t y  when s u b j e c t e d  t o  a s i n u s o i d a l  i n p u t ,  p rov ides  

an  i n d i c a t i o n  of t h e  p o s s i b l e  d i f f i c u l t i e s  and t h i s  m u s t  be compared w i t h  

t h e  f i l t e r i n g  c a p a b i l i t i e s  of the l i n e a r  system. 

I n  t h e  a n a l y s i s  of n o n l i n e a r  c o n t r o l  sys tem by d e s c r i b i n g  f u n c t i o n  

methods,  i n t e r s e c t i o n s  between t h e  locus  of 1 G \ v e r s u s  el, and t h e  appro- 

p r i a t e  f a m i l y  of Nichols  p l o t s ,  d e f i n e  s t a b l e  o r  u n s t a b l e  l i m i t  c y c l e s  and 

t h e  i n t e r p r e t a t i o n  i s  s imple and a c c u r a t e .  However, d i f f i c u l t y  sometime 

a r i ses  owing t o  i n t e r s e c t i o n s  which should no t  e x i s t  and which p r e d i c t  

l i m i t  c y c l e s  t h a t  do  no t  occur  i n  t h e  p h y s i c a l  system. Another  d i f f i c u l t y  

ar ises  i f  a l i m i t  c y c l e  t h a t  has not  been p r e d i c t e d  because t h e  l o c i  are 

q u i t e  c l o s e  bu t  d o  n o t  a c t u a l l y  i n t e r s e c t ,  appea r s  i n  t h e  p h y s i c a l  system. 

These d i s c r e p a n c i e s  between the  p r e d i c t e d  and observed l i m i t  c y c l e s  a r e  

obv ious ly  due t o  t h e  n e g l e c t  of c i r c u l a t i n g  harmonics i n  t h e  system. For tu -  

n a t e l y  most s e r v o  systems con ta in  l i n e a r  e l emen t s  which a c t  as e f f e c t i v e  

L - 

low p a s s  f i l t e r s .  Consequent ly ,  eventhough t h e  o u t p u t  of t he  n o n l i n e a r  e l e -  
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ment be r i c h  i n  harmonics ,  i n  a complete  t r i p  around the  loop  t h e  harmonics 

may be s o  a t t e n u a t e d  t h a t  t h e  i n p u t  t o  t h e  n o n l i n e a r  e lement  is a g a i n  n e a r l y  

sLni isoidai .  T h i s  d i s c r i m i n a t i o n  a g a i n s t  h i g h e r  harmonics t ends  t o  i n c r e a s e  

w i t h  t h e  complexi ty  o r  o r d e r  of t h e  system. I n  t h i s  l i e s  one of t h e  g r e a t  

a t t r a c t i o n s  of t h e  method s i n c e  i t  means t h a t  more compl ica ted  systems f o r  

which conven t iona l  methods might be comple te ly  i m p r a c t i c a l  a r e  most e f f e c -  

t i v e l y  and s imply handled by d e s c r i b i n g  f u n c t i o n  method. 

2 
E .  C .  Johnson h a s  suggested a method t o  e v a l u a t e  t h e  c o r r e c t i o n  terms 

which c o r r e c t  bo th  ampl i tude  and f requency  of t h e  l i m i t  c y c l e  a s  p r e d i c t e d  

by t h e  d e s c r i b i n g  f u n c t i o n  method. The d e r i v a t i o n  is  l i m i t e d  t o  s i n g l e  

va lued  d i f f e r e n t i a b l e  n o n l i n e a r  f u n c t i o n s ,  eventhough Johnson h a s  a p p l i e d  

t h e  c o r r e c t i o n  terms t o  a n o n l i n e a r i t y  which does  not  meet t h e  requi rements  

s t a t e d  above. E s s e n t i a l l y  t h i s  method c o n s i s t s  of e x p r e s s i n g  t h e  ampl i tude  

and f requency  of the  l i m i t  cyc le  i n  two s e p a r a t e  power s e r i e s  of a p e r t u r b a -  

t i o n  parameter  p,. When p is zero b o t h  the  s e r i e s  reduce t o  t h e  s o l u t i o n s  

ob ta ined  from t h e  conven t iona l  d e s c r i b i n g  f u n c t i o n ,  and when p= l  t h e  s e r i e s  

r e p r e s e n t  t h e  c o r r e c t  s o l u t i o n s .  The e v a l u a t i o n  of t h e  c o e f f i c i e n t s  of the  

power se r ies  i s  ve ry  complex and i n  t h e  main t h i s  a n a l y s i s  s imply  s e r v e s  

t o  g i v e  b e t t e r  f e e l i n g  f o r  t h e  r e l a t i v e  accuracy  of t h e  d e s c r i b i n g  f u n c t i o n s .  

S i n c e  t h e  gene ra t ed  d e s c r i b i n g  f u n c t i o n s  i n  t h i s  d i s s e r t a t i o n  are ampl i tude  

and f requency  s e n s i t i v e ,  t h e  accuracy  of t he  resu l t s  f o r  t he  sample problems 

was checked f rom t h e  a c t u a l  analog computer s i m u l a t i o n  of t h e  problems. 

The d e t a i l s  of t h e  ana log  computer s i m u l a t i o n  and t h e  comparison of t h e  

ana log  resu l t s  w i t h  t h e  t h e o r e t i c a l  p r e d i c t i o n s  are shown i n  Appendix V I 1  

and Appendix V I I I .  
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CHAPTER VI 

TRANSIENT RESPONSE AND CLOSED LOOP FREQUENCY 
RESPONSE FROM DESCRIBING FUNCTION DATA 

The pr imary f u n c t i o n s  of d e s c r i b i n g  f u n c t i o n  a n a l y s i s  and d e s i g n  a r e  

t o  check s t a b i l i t y  of a n o n l i n e a r  sys tem and t o  d e s i g n  a compensat ion 

which p rov ides  a s t a b l e  system. P r e d i c t i o n  of t h e  s t e p  response  and t h e  

c l o s e d  loop  f requency  response  of t h e  n o n l i n e a r  s!.stems is  a l s o  d e s i r e d .  

Some a t t e m p t s  have been made t o  p r e d i c t  t he  c l o s e d  loop  f requency  response  

and t r a n s i e n t  response c h a r a c t e r i s t i c s  of n o n l i n e a r  c o n t r o l  systems by 

a p p l y i n g  1 inea r - f  requency-response c o r r e l a t i o n  t echn iques  i n  con junc t  i o n  

w i t h  t h e  d e s c r i b i n g  f u n c t i o n .  

6 . 1  T r a n s i e n t  Response: Fo r  a n o n l i n e a r  sys tem,  t h e  p r i n c i p l e  of super -  

p o s i t i o n  is  n o t  v a l i d  and t h e r e f o r e  t h e  c o r r e l a t i o n s  between t h e  f requency  

response  and t r a n s i e n t  response which a r e  developed f o r  l i n e a r  systems a r e  

n o t  s t r i c t l y  a p p l i c a b l e  t o  n o n l i n e a r  sys tems.  By reDlac ing  t h e  non l ine -  

a r i t y  w i t h  i t s  d e s c r i b i n g  f u n c t i o n ,  t h e  c o n t r o l  system i s  e s s e n t i a l l y  l i n e -  

a r i z e d  and t h e r e f o r e  t h e  t r a n s i e n t  performance of t h e  l i n e p r i z e d  sys tem 

may be e s t i m a t e d .  B u t  t h i s  e s t i m a t e  is  no t  a c c u r a t e  as i s  t h e  c a s e  w i t h  

l i n e a r  sys tems.  For  a complete system d e s i g n ,  i t  is  necessa ry  t h a t  a 

s a t i s f a c t o r y  t r a n s i e n t  response be o b t a i n e d .  Q u a n t i t a t i v e  p r e d i c t i o n s  of 

t he  t r a n s i e n t  response  a r e  d e s i r e d  but  f o r  a l i n e a r i z e d  n o n l i n e a r  sys tem 

only  q u a l i t a t i v e  p r e d i c t i o n s  a re  p o s s i b l e  which a r e  a l s o  u s e f u l .  

F inn igan  Approach: F inn igan  h a s  sugges ted  a method of computing an 

approximate t r a n s i e n t  response of a n o n l i n e a r  system t o  a s t e p  f u n c t i o n  

w i t h  t h e  a i d  of roo t - locus .  The p a r t i c u l a r  n o n l i n e a r i t y  cons ide red  i n  h i s  

work is  t h a t  of back la sh .  The method s t a r t s  w i t h  t h e  m o d i f i c a t i o n  of l i n e a r  

21 
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r o o t  l o c u s  by t h e  d e s c r i b i n g  f u n c t i o n .  When t h e  d e s c r i b i n g  f u n c t i o n  does 

n o t  i n t roduce  a phase s h i f t ,  t h e  r o o t  p o i n t s  f o r  t h e  v a r i o u s  ampl i tude  

i n p u t  s i g n a l s  t o  t h e  n o n l i n e a r i t y  a r e  computed and marked on t h e  i i n e a r -  

sys tem r o o t  l o c u s .  The r o o t  locus  i t s e l f  has  t o  be modif ied u s i n g  t h e  

phase angle  and g a i n  when the d e s c r i b i n g  f u n c t i o n s  i n t r o d u c e  a phase ang le .  

It i s  noted t h a t  f o r  a l i g h t l y  dampened sys tem,  t h e  t r a n s i e n t  o s c i l l a t i o n s  

a r e  n e a r l y  s i n u s o i d a l  and any ha l f  c y c l e  may be appror imeted  f a i r l y  accu- 

r a t e l y  as a s i n e  wave. The s e l e c t i o n  of t h e  ampl i tudes  of t h e  approxi -  

mat ing s i n e  wave i s  car r ied  out  as f o l l o w s .  F i r s t  t h e  system is  assumed 

l i n e a r  and t h e  p e r c e n t  overshoot  f o r  a s p e c i f i e d  s t e p  inpu t  is  de termined .  

The peak d i sp lacemen t  is t h e n  computed and t h i s  value is used as an approx- 

ima t ion  t o  t h e  peak t o  peak ampli tude of t h e  f i r s t  segment. S i n c e  t h e  

ampl i tude  of t h e  i n p u t  t o  t h e  n o n l i n e a r i t y  is known, t h e  r o o t s  are imme- 

d i a t e l y  l o c a t e d  and w i t h  t h e s e  r o o t s  t h e  peak overshoot  i s  a g a i n  determined 

and t h e  p r o c e s s  i s  t h u s  cont inued .  When a d e s c r i b i n g  f u n c t i o n  of t h e  non- 

l i n e a r i t y  does  n o t  i n t roduce  a phase s h i f t ,  t h e  a p p l i c a t i o n  and i n t e r p r e -  

t a t i o n  of t h e  resu l t s  us ing  t h i s  method is no t  d i f f i c u l t .  B u t  when t h e  

d e s c r i b i n g  f u n c t i o n  of t h e  n o n l i n e a r i t y  i n t r o d u c e s  a phase s h i f t ,  ano the r  

compl i ca t ion  a r i s e s  w i t h  t h e  f a c t  t h a t  t h e  r o o t  l o c u s  on t h e  real  axis  

of t h e  l i n e a r  system i s  conver ted  t o  a l o c u s  w i t h  t h e  complex v a l u e s .  Even 

i f  an assumption of symmetrical  r o o t  l o c u s  a long  the  real a x i s  i s  made, it 

is  hard  t o  i n t e r p r e t e  p h y s i c a l l y  by v i r t u e  of t h e  f a c t  t h a t  a real  r o o t  is 

suddenly  r ep laced  by a complex p a i r  of r o o t s .  The e x t e n s i o n  of t h i s  method 

t o  t h e  d e s c r i b i n g  f u n c t i o n  which are f r equency  and ampl i tude  s e n s i t i v e  

appea r s  t o  be almost imposs ib le .  

Kochenburger Approach: Another method f o r  a q u a l i t a t i v e  c o r r e l a t i o n  is  

sugges ted  by R.  J .  Kochenburger’ f o r  r e l a y  s e r v o s .  The f i r s t  s t e p  i n  t h i s  
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method i s  t o  p l o t  t h e  Nicho l s  p l o t s  of t h e  d e s c r i b i n g  f u n c t i o n  of t h e  non- 

l i n e a r i t y  similar t o  F i g u r e  5 through F i g u r e  11 and I G \ v e r s u s  8 curve  

and e s t a b l i s h  t h a t  t h e  system is  s t a b l e .  S i n c e  t h e  Nichols  p l o t s  of t h e  

d e s c r i b i n g  f u n c t i o n  r e p r e s e n t s  a l o c u s  of t h e  c r i t i c a l  p o i n t s ,  t h e  e n t i r e  

c l o s e d  loop  f r equency  r e sponse  may be  de te rmined  f o r  e a c h  p o i n t  by s u p e r -  

imposing M and N c o n t o u r s  cen te red  a t  each  c r i t i c a l  p o i n t  and r e a d i n g  o f f  

t h e  M and N v a l u e s  a t  t h e  i n t e r s e c t i o n  of t h e s e  c o n t o u r s  w i t h  t h e  \ G  \ 
versus 8 curve .  The d e s c r i b i n g  f u n c t i o n  cons ide red  by R.  J. Kochenburger 

i s  ampl i tude  dependent  on ly .  A s p e c i f i c  p o i n t  on t h e  Nicho l s  p l o t s  of t h e  

d e s c r i b i n g  f u n c t i o n  r e p r e s e n t s  a c e r t a i n  inpu t  ampl i tude  of t h e  s i n u s o i d  

and a s p e c i f i c  resonance  peak M and t h e  co r re spond ing  resonance  f requency  

L L 

L 

L 

m 

which can be de te rmined  by t h e  p o i n t  of tangency between t h e  \ G  \ v e r s u s  L 

8 curve and some M con tour .  This procedure  is r e p e a t e d  f o r  s e v e r a l  o t h e r  

p o i n t s  on t h e  Nicho l s  p l o t s  of t h e  d e s c r i b i n g  f u n c t i o n  and t h e  p l o t s  of 

M and w versus t h e  ampli tude of t h e  s i n e  wave a r e  made. The g e n e r a l  

c h a r a c t e r i s t i c s  of t h e  s t e p  response  can  now be deduced q u a l i t a t i v e l y  

from t h e s e  cu rves .  Such a deduct ion  i s  postponed untii a method f o r  ot- 

t a i n i n g  such cu rves  f o r  t h e  m u l t i p l e  n o n l i n e a r i t y  case i s  o u t l i n e d .  

L 

m m 

When a c o n t r o l  system c o n t a i n s  e i t h e r  of t h e  m u l t i p l e  n o n l i n e a r i t i e s  

p re sen ted  i n  Chapter  111, t h e  s t a b i l i t y  a n a l y s i s  of t h e  system i s  f i r s t  

c a r r i e d  o u t  as i n d i c a t e d  i n  Chapter I V .  Note t h a t  f o r  a s p e c i f i c  c o n t r o l  

problem c o n t a i n i n g  t h e  m u l t i p l e  n o n l i n e a r i t i e s ,  Nichols  p l o t s  of t h e  de-  

s c r i b i n g  f u n c t i o n  are  a fami ly  of cu rves .  I n  such a f a m i l y  of cu rves  t h e  

p o i n t s  of c o n s t a n t  ( 6 / I )  a r e  i n d i c a t e d  ( F i g u r e  5 through F i g u r e  11 and 

F i g u r e  15  through F i g u r e  2 0  along w i t h  F i g u r e  24). S i n c e  6 i s  a known 

f i x e d  q u a n t i t y  f o r  a g iven  problem, t h e  c o n s t a n t  ( 6 / I )  p o i n t s  r e p r e s e n t  

a c e r t a i n  ampl i tude  I of the input  s i n u s o i d  t o  t h e  m u l t i p l e  n o n l i n e a r i t i e s .  
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The f i r s t  s t e p ,  t h e r e f o r e ,  i s  t o  select  one c o n s t a n t  (6/I)  l i n e  say  (6/11) 

from t h e  f a m i l y  of d e s c r i b i n g  f u n c t i o n  p l o t .  A t  a p o i n t  on t h i s  l i n e  

superimpose c o n s t a n t  M and N contours .  

cor responds  t o  a c e r t a i n  f requency.  

I GL\ versus 8 t o u c h e s  t h e  

quency and M value. Repeat t h i s  p r o c e s s  a t  several o t h e r  p o i n t s  on t h e  

c o n s t a n t  (6/I ) curve n o t i n g  a t  e a c h  p o i n t  t h e  f requency  and M va lue .  

S e l e c t  t h e  l a r g e s t  value of M amongst t h e  recorded  values and t h e  c o r r e -  

sponding value of t h e  frequency and e n t e r  t h i s  i n  a t a b l e  a g a i n s t  I 

Repeat  t h e  e n t i r e  p r o c e s s  f o r  many o t h e r  values of I ,  say  (6/12, b/13 --) 

and n o t e  t h e  cor responding  maximum v a l u e s  of M and f r e q u e n c i e s .  P l o t  t h e  

recorded  values of M and f r e q u e n c i e s  a g a i n s t  t h e  v a l u e s  of I .  From 

t h e s e  curves t h e  g e n e r a l  c h a r a c t e r i s t i c s  f o r  t h e  s t e p  r e s p o n s e  can  b e  

q u a l i t a t i v e l y  deduced . I f  M i s  small  f o r  l a r g e  i n p u t  s i g n a l  ampli-  

t u d e s  I ,  b u t  l a r g e  f o r  small input  s i g n a l  ampl i tudes ,  t h e n  f o r  a s t e p  i n -  

pu t  it i s  expec ted  t h a t  t h e  system w i l l  be w e l l  dampened w i t h  moderate 

peak o v e r s h o o t ;  however as t h e  ampl i tude  of o s c i l l a t i o n s  d e c r e a s e s ,  t h e  

system dampening decreases and t h e  o s c i l l a t i o n s  w i l l  p e r s i s t  w i t h  rela- 

t i v e l y  slow decrement.  I f  t h e  r e s o n a n t  f requency  i s  h igh  f o r  l a r g e  i n -  

pu t  s i g n a l s  b u t  d e c r e a s e  w i t h  d e c r e a s i n g  ampl i tude  s i g n a l ,  t h e n  t h e  f r e -  

quency of t r a n s i e n t  o s c i l l a t i o n s  w i l l  d e c r e a s e  as t h e  o s c i l l a t i o n s  d i e  

o u t .  

Remember t h a t  t h i s  s e l e c t e d  p o i n t  

Find t h e  M contour  which p a s s e s  o r  

l o c u s  a t  t h e  same f requency  and n o t e  t h e  f r e -  L 

1 

1' 

m 

1 
m 

6 .2  Closed Loop Frequency Response: Many a u t h o r s  21-23,6,18 have pre- 

sen ted  v a r i o u s  methods of f i n d i n g  c l o s e d  loop  f requency  r e s p o n s e s  of 

n o n l i n e a r  c o n t r o l  systems.  The procedure  t o  f i n d  such a r e s p o n s e  i n v a r i -  

a b l y  b e g i n s  w i t h  t h e  convent iona l  d e s c r i b i n g  f u n c t i o n  which i s  o n l y  a m -  
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r(tq e(t)  + 
- 

p l i t u d e  s e n s i t i v e  and i n  some c a s e s  e x t e n s i o n  i s  sugges ted  f o r  t h e  f r e -  

quency s e n s i t i v e  d e s c r i b i n g  f u n c t i o n s .  

G i b s o n ' s  Approach: For  a s ingle-va lued  n o n l i n e a r i t y  Gibson '  s18 approach 

a p p e a r s  most p r a c t i c a l  and s t r a i g h t f o r w a r d .  

c 

NON - 
LINEARITY 

\ 

F i g u r e  26 - A Cont ro l  System Con ta in ing  S i n g l e  Valued N o n l i n e a r i t y  

I 
R t h e n  - = 

I n  terms of F i g u r e  26 

1 
(1 + d G D )  + j GD 

(10 )  - - - - - - - - -  e( j w o )  - - 1 
r ( j w o >  1 + GD GL( jwo)  

Where GD i s  t h e  d e s c r i b i n g  f u n c t i o n  of t h e  s i n g l e  va lued  n o n l i n e a r i t y  and 

l e t  r = R s i n  w t .  
0 

Assuming t h a t  t h e  b a s i c  assumption of t h e  d e s c r i b i n g  f u n c t i o n  h o l d s  

f o r  t h i s  system, then  e = I sin(w t + 9). The magnitude r e l a t i o n s h i p  of 
0 

Knowing t h e  l i n e a r  t r a n s f e r  f u n d i o n  G L ( s ) ,  it i s  p o s s i b l e  t o  r e a r r a n g e  

Equat ion  (11) such t h a t  t h e  l e f t  hand s i d e  of t h e  e q u a t i o n  w i l l  c o n s i s t  

' I  i 
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2 2 2  
( A ~  + p ) GD2 + 24GD + (1 + R /I ) = 0.0 . .  

o r  

A 

(A2 + p 2 >  
+ - 1 

(d2 + p 2 >  
4.' - (A2 + 82>(1 2 2  

- R / I )  (12) 

D Note t h a t  w h i l e  d e r i v i n g  Equation (121, u s e  i s  made of t h e  f a c t  t h a t  G 

i s  r e a l .  S i n c e  G i s  a f u n c t i o n  of I ,  both  s ides  of t h e  Equat ion (12) 

can b e  p l o t t e d  a s  a f u n c t i o n  of I w i t h  a f i x e d  value of R and w . The 

l e f t  hand s i d e  i s  a f a m i l i a r  d e s c r i b i n g  f u n c t i o n  p l o t t e d  as a f u n c t i o n  

of t h e  ampl i tude  of t h e  i n p u t  s i n u s o i d s  and needs t o  be p l o t t e d  o n l y  

once.  The r i g h t  hand s i d e  of Equat ion ( 1 2 )  h a s  t o  be p l o t t e d  f o r  s e v e r a l  

v a l u e s  of o b u t  keeping R f i x e d  throughout .  

c u s  w i t h  t h e  l o c u s  of t h e  r i g h t  hand s i d e  of Equat ion  (12)  r e p r e s e n t s  a 

s t e a d y  o p e r a t i o n  p o i n t  f o r  each f requency .  Now knowing t h e  ampl i tude  I 

and t h e  f requency  a t  t h e  i n t e r s e c t i o n  p o i n t  I C  I can b e  o b t a i n e d ,  s i n c e  

D 

0 

The i n t e r s e c t i o n  of GD lo-  
0 

I c I = I . GD . GL(jwo) . The q u a n t i t y  I C  I versus f r e q u e n c y  can t h e n  be 

p l o t t e d .  T h i s  i s  t h e  d e s i r e d  resul t .  Sometime it i s  p o s s i b l e  t o  f i n d  

two s t a b l e  i n t e r s e c t i o n s  between GD l o c u s  and t h e  r i g h t  hand s i d e  of 

Equat ion (12)  versus I l o c u s  in a narrow band of f r e q u e n c i e s .  T h i s  i s  

t h e  so c a l l e d  jump phenomena, pecul ia r  t o  n o n l i n e a r  systems. 

When t h e  nonl  i n e a r i t i e s  a r e  n o n s i n g l e  va lued  and t h e  d e s c r i b i n g  

23 
f u n c t i o n  of which may b e  a f u n c t i o n  of ampl i tude  and f requency ,  H i l l ' s  

method o r  T h a l e r ' s 6  method f o r  f i n d i n g  c l o s e d  loop  f requency  response  are 

convenient .  There i s  e s s e n t i a l l y  no d i f f e r e n c e  between t h e  two methods. 

T h a l e r ' s  Method: For  t h e  system shown i n  F i g u r e  27 t h e  m u l t i p l e  n o n l i n e -  

a r i t i e s  may b e  e i t h e r  of t h e  two f o r  which t h e  d e s c r i b i n g  f u n c t i o n  i s  

g e n e r a t e d  i n  t h i s  d i s s e r t a t i o n .  
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F i g u r e  27  - A Cont ro l  System Conta in ing  a M u l t i p l e  N o n l i n e a r i t y  

L e t  r = R s in(w t )  and assuming G be ing  a low p a s s  f i l t e r  l e t  
0 L 

U s u a l l y  for a c o n s t a n t  va lue  of R and v a r y i n g  a w t h e  I c I v e r s u s  

o curve i s  d e s i r e d .  The procedure  used  t o  de te rmine  t h e  f r equency  re- 

sponse  cu rve  i s  s i m i l a r  t o  t h a t  fo l lowed i n  e s t i m a t i n g  t h e  t r a n s i e n t  re- 

0’ 

0 

sponse  q u a l i t a t i v e l y .  For cons t an t  v a l u e s  of I ,  a f ami ly  of M v e r s u s  

f requency  and N versus frequency cu rves  are g e n e r a t e d .  The Bode p l o t  of 

t h e  l i n e a r  b lock  G ( j w  ) i s  p l o t t e d  and used  a s  a nomograph. From such 

a Bode p l o t  t h e  v a l u e  of I GL I db i s  found f o r  any f requency .  

L o  

S i n c e  

I c ( j w o ) l  = I I G ( j w o )  I I GD(I,w0)l f o r  a f a l u e  of I and w 0’ I C  I can  b e  

de te rmined .  From t h e  r e l a t i o n s h i p  M = I c( jw,) I / I R c j w o j  t h e  v a l u e  of R 

i s  determined s i n c e  t h e  v a l u e  o f  M f o r  a f r equency  w and I i s  a l r e a d y  
0 

known. T h i s  v a l u e  of R i s  marked on t h e  M and N v e r s u s  f r equency  curves .  

T h i s  p r o c e s s  i s  con t inued  f o r  many o t h e r  v a l u e s  of I and w . The l o c u s  

of a l l  t h e  p o i n t s  of a c o n s t a n t  R i s  t h e  d e s i r e d  f r equency  r e sponse  curve.  

0 
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H i l l ' s  Method: T h i s  method i s  based upon a f u n c t i o n a l  t r a n s f o r m a t i o n  

s imilar  i n  phi losophy t o  t h e  N i c h o l ' s  c h a r t  f o r  l i n e a r  systems. From 

a c o n s i d e r a t i o n  of F i g u r e  27  t h e  f o l l o w i n g  e q u a t i o n s  can be w r i t t e n .  

L e t  r = R s i n  w o t .  

o r  

where 

Def ine  

r 1 
1 1 1 + GD(I,wolGL(jwo? q(uo) = argument of 

1 
1 + GD(I,wo)GL(jwo) zdb = 20  loglo 

C o n s i d e r i n g  magnitudes of Equat ion 13 o n l y  t h e  r e l a t i o n ,  

( E  I db = Zdb + Rdb (14) 

can be w r i t t e n .  The computat ional  procedure begins  by assuming a v a l u e  of 

I E l  db.  S ince  G 

I E I  db is  known. 

is a f u n c t i o n  of I E I d b ,  zdb can be computed only  when 

I f  Zdb and Rdb adds t o  t h e  assumed va lue  of I E  I db,  t h e n  

D 

a s o l u t i o n  t o  Equat ion  14 is i n d i c a t e d .  The computat ion of Zdb from an 

assumed E db i s  accomplished from a c h a r t  f o r  t h e  f u n c t i o n a l  t r a n s f o r m a t i o n  



31 

T h i s  i s  s imilar  i n  concept  t o  t h e  f a m i l i a r  N i c h o l ' s  C h a r t .  I n  f a c t ,  t h e  

r e q u i r e d  t r a n s f o r m a t i o n ,  i s  accomplished by us ing  a conven t iona l  N i c h o l ' s  

C h a r t ,  which is  i n v e r t e d .  Such a c h a r t  is  o f t e n  c a l l e d  a Lohcin  Char t .  

Again,  t h e  o b j e c t  i s  t o  f i n d  the c losed  loop  f r equency  response of  t h e  

system f o r  a f i x e d  ampli tude of t h e  i n p u t  R and v a r y i n g  o . The fo l low-  

ing  s t e p s  i n d i c a t e  t h e  procedure f o r  f i n d i n g  such a response .  

0 

(1) For t h e  g iven  problem of F igu re  2 7 ,  s e l ec t  t h e  a p p r o p r i a t e  

1 Nichols  f a m i l y  of - - from F i g u r e  5 through F igure  11 o r  

F igu re  1 5  through F igure  20. 
GD 

(2)  P l o t  2 0  log lOl  G L ( j w o )  v e r s u s  phase ang le  of G (jo 1 w i t h  

f requency  as a parameter  and superimpose t h i s  curve on t h e  

Nichols  fami-ly s e l e c t e d  i n  s t e p  (1). 

I L o  

( 3 )  I f  t h e  f ami ly  of p l o t s  s e l e c t e d  i n  s t e p  (1) i s  from F i g u r e  

5 through F i g u r e  11, t h e n  on such p l o t s  t h e  l i n e s  of con- 

s t a n t  6/I and 'coo a r e  i n d i c a t e d .  

T are known. So these  l i n e s  r e p r e s e n t  c o n s t a n t  I and c o n s t a n t  

o l i i ies.  I f  t he  p l o t  s e l e c t e d  i s  f r o m  Figtire 1 5  t h r ~ l ; g h  Pig- 

ure 2 0 ,  t h e n  t h e  superimposed curve of F igu re  24 a t  a p a r t i c u -  

l a r  f requency ,  r e p r e s e n t s  a c o n s t a n t  f requency  l i n e .  On Fig-  

ure 24,  t h e  p o i n t s  of t h e  r a t i o  b / I  are i n d i c a t e d .  

Fo r  a g iven  problem, 6 and 

0 

(4) Assume  a va lue  of I somewhere on a c o n s t a n t  o l i n e  on t h e  
0 

Nicho l s  f ami ly  s e l e c t e d  i n  s t e p  (1) and p l a c e  t h e  o r i g i n  of 

t h e  i n v e r t e d  N i c h o l ' s  o r  Lohcin  Char t  on t h i s  p o i n t .  

( 5 )  A t  t h e  same o p o i n t  on t h e  curve  p l o t t e d  i n  s t e p  (21, read t h e  
0 

va lue  of Zdb from the  o v e r l a y  of t h e  Lohcin  C h a r t .  

( 6 )  Add t h e  assumed Rdb t o  Zdb found i n  s t e p  (5) .  I f  t h i s  e q u a l s  

t h e  assumed va lue  of I d b  i n  s t e p  (41, t h e n  a s o l u t i o n  t o  
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Equat ion  14 has  been found.  There  may be s e v e r a l  I d b  

s o l u t i o n s  f o r  t h e  same w l i n e .  I f  a s o l u t i o n  i s  no t  

o b t a i n e d ,  se lect  ano the r  I d b  p o i n t  and r e p e a t  t h e  pro-  

cedure .  

0 

( 7 )  A f t e r  f i n d i n g  a s o l u t i o n  p o i n t  a s  i n d i c a t e d  i n  s t e p  (61, 

p l a c e  the  o r i g i n  of the N i c h o l ' s  Cha r t  on t h i s  p o i n t  and 

read t h e  v a l u e  of (C/R) db  from t h e  o v e r l a y  cor respond-  

ing  t o  t h e  f requency  w on t h e  curve  p l o t t e d  i n  s t e p  (2). 

Add t o  t h i s  va lue  of (C/R)db, t h e  assumed value of Rdb. 

Thus t h e  r equ i r ed  value of Cdb is o b t a i n e d .  T h i s  i s  t h e  

d e s i r e d  c l o s e d  loop  response f o r  t h e  i n p u t  r = R s i n  w t .  

0 

0 

The c l o s e d  loop  f requency  response  de r ived  from t h e  conven t iona l  

d e s c r i b i n g  f u n c t i o n  f a i l s  t o  i n d i c a t e  t h e  p o s s i b l e  e x i s t e n c e  of subharmonic 

o s c i l l a t i o n s  and t h e  s t a b i l i t y  of t h e  fo rced  o s c i l l a t i o n s .  Dual  i n p u t  de- 

s c r i b i n g  f u n c t i o n  (DIDF) is  an a t t r a c t i v e  t o o l  t o  de t e rmine  t h e  s t a b i l i t y  

of fo rced  o s c i l l a t i o n ,  t h e  p o s s i b l e  e x i s t e n c e  of jump phenomena and sub- 

harmonic o s c i i i a t i o n s .  

DIDF ( I n p u t  Sinewaves Harmonical ly  Re la t ed ) :  The dua l  i n p u t  d e s c r i b i n g  

f u n c t i o n s  is  de r ived  by the same procedure a s  t h e  conven t iona l  d e s c r i b i n g  

f u n c t i o n ,  w i t h  t h e  e x c e p t i o n  tha t  t h e  n o n l i n e a r i t y  has  two s i n e  waves a t  

t h e  i n p u t ,  one of t h e  s i n e  waves be ing  a m u l t i p l e  o r  harmonic f requency  

of t h e  o t h e r .  That  i s ,  

x ( t 1  = I cos(wot + $1 + c o s  n w o t  

The magnitude of t h e  DIDF is def ined  as ,  

ampl i tude  of d e s i r e d  f requency  component i n  o u t p u t  - ------- 1 DIDF I - ampl i tude  of the same f requency  component i n  i n p u t .  
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r I 1 
INPUT READ SET SET SET INPUT TO 

* ’ THENONLINEARITY 9 4 = 0.0. A 3 w t = 0.0 
0 

’ IY B Y  n 

The phase s h i f t  of t h e  DIDF i s  de f ined  as t h e  s h i f t  from i n p u t  t o  ou tpu t  

of t h e  same f requency  component. S ince  t h e r e  a r e  two components i n  t h e  

i n p u t ,  a d e s c r i b i n g  f u n c t i o n  i s  d e f i n e d  f o r  each .  Each DIDF f o r  any non- 

l i n e a r i t y  i s  a f u n c t i o n  of a t  l eas t  f o u r  pa rame te r s ,  I ,  f ? ,  $ and n. When 

t h e  n o n l i n e a r i t y  c o n t a i n s  an energy s t o r a g e  e l emen t ,  t h e n  t h e  DIDF is a 

f u n c t i o n  of w i n  a d d i t i o n  t o  t h e  f o u r  parameters  j u s t  ment ioned.  A s  

p o i n t e d  o u t  i n  r e f e r e n c e  25 ,  a tremendous amount of d a t a  m u s t  be ob ta ined  

and t h e n  manipulated even f o r  a s i n g l e  va lued  n o n l i n e a r i t y  such  as sa tura-  

t i o n .  

0’ 

The procedure of d e r i v i n g  t h e  f a m i l i e s  of the  DIDF p l o t s  i s  as f o l l o w s .  

F i r s t  of a l l  t he  value of ‘n ’  is assumed and he ld  f i x e d .  Then f o r  a f i x e d  

va lue  of I ,  f? is  changed, while  t h e  computat ion of t he  DIDF is  car r ied  ou t  

f o r  v a l u e s  of $ between z e r o  and 2n.  A d i g i t a l  computer i s  necessa ry  t o  

compute t h e  DIDF and a r e p r e s e n t a t i v e  f low c h a r t  is shown i n  F igu re  28. 
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The use of t h e  DIDF can be i n d i c a t e d  by c o n s i d e r i n g  a c o n t r o l  system 

shown i n  F igure  2 6 .  

(1) S t a b i l i t y  of t h e  forced o s c i l l a t i o n s :  - L e t  the  i n p u t  t o  

t h e  system of F igu re  26 be r ( t >  = R s i n  o t and then  

e v a l u a t e  c ( t )  and e ( t >  by the  conven t iona l  d e s c r i b i n g  func-  

t i o n  method. To i n v e s t i g a t e  

the  s t a b i l i t y  of t h e  e v a l u a t e d  s t e a d y  s t a t e  s o l u t i o n ,  t h e  

feed  back loop i s  broken, bu t  a s i g n a l  c ( t >  equa l  t o  the  

s t e a d y  s t a t e  s o l u t i o n  i s  i n j e c t e d  back t o  t h e  system. I n  

a d d i t i o n  t o  t h i s  s i g n a l ,  a small  s i g n a l  of f requency  nu /2n 

i s  a l s o  i n j e c t e d  which g i v e s  r i s e  t o  t h e  o u t p u t  c ( t >  + b cos 

(nu t + yl. The e v a l u a t i o n  of 6 cos  (no t + yl is  accomplished 

through t h e  known DIDF of t h e  n o n l i n e a r i t y .  A s  n i s  v a r i e d  

bo th  6 and y v a r y ,  and may be p l o t t e d  on t h e  complex p lane .  

I f  t h i s  g a i n  l o c u s  e n c l o s e s  ( - 1 , O )  p o i n t ,  any s l i g h t  d i s -  

t u rbance  w i l l  i n i t i a t e  o s c i l l a t i o n s  of i n c r e a s i n g  ampl i tude ,  

so t h a t  t h e  s t e a d y  s t a t e  c o n d i t i o n s  assumed i n i t i a l l y  are 

u n s t a b l e  o r  d ive rgen t .  

0 

L e t  e ( t >  = I s i n  (oat + $1. 

0 

0 0 

(2 )  Sub-Harmonic O s c i l l a t i o n s :  - The response  of a n o n l i n e a r  system 

t o  a s i n u s o i d a l  s i g n a l ,  sometimes can be modif ied i n  ampl i tude  

and phase by the  presence of t h e  s i n u s o i d  of a ha rmon ica l ly  

r e l a t e d  f requency .  This  e f f e c t  mod i f i e s  t h e  loop  g a i n  of t h e  

sys tem,  and may make t h e  c losed  loop  con t inuous ly  o s c i l l a t o r y ;  

t h e  f r equency  of o s c i l l a t i o n  be ing  ha rmon ica l ly  r e l a t e d  t o  t h e  

inpu t  f requency .  The DIDF e n a b l e s  t h e  occurence  of t h e  sub- 

harmonic o s c i l l a t i o n s  t o  be p r e d i c t e d  q u a n t i t i v e l y .  S i n c e  t h e  

f r equency  of t h e  subharmonic o s c i l l a t i o n  i s  of t h e  o r d e r  of t h e  
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n a t u r a l  f requency  of t h e  l i n e a r  sys tem,  t h e  system response  is  

small  a t  t h e  i n p u t  f requency cons ide red .  The f i r s t  s t e p  i n  

p r e d i c t i n g  t h e  subharmonic o s c i l l a t i o n s  i s  t o  break  t h e  f eed  

1 back loop  and i n j e c t  a subharmonic s i g n a l  of f r equency  - o 
1 - w e t c .  F o r  t h e  system t o  o s c i l l a t e  c o n t i n u o u s l y  a t  a 5 0, 

subharmonic frequency,  t h e  over  a l l  open loop  g a i n  f o r  t h i s  

low f requency  component m u s t  be u n i t y .  For a f i r e d  ampl i tude  

of t h e  inpu t  s i g n a l ,  t h e  DIDF f a m i l y  i s  known f o r  v a r i o u s  

ampl i tudes  of t h e  s i g n a l  a t  the  subharmonic f requency .  Th i s  

i n fo rma t ion  is  a v a i l a b l e  when t h e  DIDF of t h e  n o n l i n e a r i t y  

i s  e v a l u a t e d .  Th i s  DIDF fami ly  i s  t h e n  superimposed on t h e  

open loop  f requency  response of t h e  l i n e a r  system. The l o c u s  

of t h e  DIDF of a p e r t i c u l a r  ampl i tude  of t h e  subharmonic 

s i g n a l  which i n t e r s e c t s  t h e  l i n e a r  system l o c u s  a t  t h e  sub- 

harmonic f requency  de termines  t h e  amp1 i t u d e  of t h e  p o s s i b l e  

o s c i l l a t i o n s  of  t h e  system a t  t h e  subharmonic f requency .  

3 0 )  

The DIDF iiiay be iised to c ~ l c i i l a t e  the  hai-i.iloRLc con ten t  of forced 

o s c i l l a t i o n s .  There remains,  however, t h e  problem of computing and mani- 

p u l a t i n g  a mass of d a t a  w h i l e  d e r i v i n g  t h e  d u a l  i n p u t  d e s c r i b i n g  f u n c t i o n  

A l s o  t h e  DIDF can be employed only  when t h e  s i n e  waves are ha rmon ica l ly  

r e l a t e d .  

24 
Approximate DIDF, Boyer ' s  Method: Boyer h a s  sugges t ed  an approximate 

d u a l  i n p u t  d e s c r i b i n g  f u n c t i o n  which can  be used t o  e v a l u a t e  t h e  s t a b i l i t y  

of t h e  fo rced  o s c i l l a t i o n s .  The d e r i v a t i o n  of t h e  approximate DIDF h a s  

been conf ined  t o  s imple s i n g l e  va lued  n o n l i n e a r i t i e s  having  no energy  stor- 

age e l emen t s .  The d e r i v a t i o n  of t he  approximate DIDF is achieved  i n  t h r e e  

s t e p s .  L e t  t h e  inpu t  t a  t h e  n o n l i n e a r i t y  be x ( t >  = I s i n  w t + B s i n  p t ,  
0 



I 
I 
I 
I 
I 

where J3>>wo. 

(1) The f i r s t  s t e p  i s  t o  deve lop  an e q u i v a l e n t  g a i n  of t h e  non- 

l i n e a r i t y  under  c o n s i d e r a t i o n .  Th i s  i s  accomplished by 

app ly ing  a s i n e  wave p l u s  a d-c component t o  t h e  n o n l i n e a r i t y .  

That  i s ,  l e t  w = 0 and I = A o r  x = A + B s i n  J3t. Then 

t h e  o u t p u t  of t h e  n o n l i n e a r i t y  can be r ep resen ted  by, 

0 0 0 

? 

ou tpu t  = A + B s i n  J3t + B" cos  J3t + - - - 
V 

The e q u i v a l e n t  g a i n  is d e f i n e d  by ,  

V 
A 

K(Ao,  B )  = - 
AO 

(2)  Next t h e  r e p r e s e n t a t i v e  o u t p u t  of t he  n o n l i n e a r i t y  i s  ob ta ined  

by c o n s i d e r i n g  the  input  a s  x = I s i n  w t + B s i n  J3t. S ince  

J3 >> w , t h e  value of t h e  w component i n  the  i n p u t  may be 

cons ide red  c o n s t a n t  over  a c y c l e  of t he  J3 component. T h i s  

c o n s t a n t  va lue  cor responds  t o  a c e r t a i n  v a l u e  of A , and t h e  

co r re spond ing  e q u i v a l e n t  g a i n  is  known from s t e p  (1). So a 

p l o t  of A v e r s u s  w t f o r  t h e  g iven  n o n l i n e a r i t y  can  be con- 

s t r u c t e d  wi th  B a s  a parameter .  T h i s  i s  ca . l led  t h e  r e p r e s e n t a -  

t i v e  o u t p u t .  Note t h a t  t h e  r e p r e s e n t a t i v e  o u t p u t  is no t  t h e  

actual  ou tpu t  of t h e  n o n l i n e a r i t y .  

0 

0 0 

0 

V 0 

(31  The l a s t  s t e p  i s  t o  o b t a i n  t h e  fundamental  component of t h e  

r e p r e s e n t a t i v e  output  by F o u r i e r  Ana lys i s .  S i n c e  t h e  wave 

shape i s  known, bu t  i t s  e q u a t i o n  may n o t  be known, t h e  approach 

f o r  f i n d i n g  t h e  fundamental  component may be a g r a p h i c a l  o r  

t r i g n o m e t r i c .  The r a t i o  of t h i s  component t o  t h e  ampl i tude  of 

t h e  wo component which is  I ,  g i v e s  t h e  magnitude of t h e  approxi -  

mate DIDF. For t h e  s i n g l e  va lued  n o n l i n e a r i t i e s  cons ide red  by 
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B ~ y e r ~ ~ ,  t h e  approximate DIDF a r e  i n  g e n e r a l  f u n c t i o n s  of I 

and B .  For B = 0 the approximate DIDF reduces  t o  t h e  conven- 

t i o n a l  d e  scr i b  ing  f unc t i o n .  

To i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e  approximate DIDF c o n s i d e r  t he  

c o n t r o l  system shown i n  F igu re  2 4 .  The i n p u t  t o  the n o n l i n e a r i t y  is  

r = R s i n  w t and t h e  o b j e c t  is  t o  de te rmine  t h e  v a l u e s  of R and t h e  

co r re spond ing  values of w f o r  which t h e  system is u n s t a b l e .  The f i r s t  

s t e p  i s  t o  p l o t  t h e  Nyquist  p l o t  of t he  l i n e a r  system GL, and then  t h e  

0 

0 

1 Nyquist  p l o t  of ( - - 1 f o r  v a l u e s  of B which w i l l  i n t e r s e c t  t h e  

l i n e a r  sys tem Nyquist  p l o t  when superimposed.  The v a l u e  of B and t h e  

va lue  of approximate DIDF a t  such an i n t e r s e c t i o n ,  un ique ly  de t e rmines  

t h e  v a l u e  of I ,  s i n c e  t h e  approximate DIDF i s  a f u n c t i o n  of I and B only .  

Knowing I and t h e  value of the  approximate DIDF of t h e  n o n l i n e a r i t y ,  t he  

ou tpu t  c ( t >  is  known. With a s imple  c losed  loop  c a l c u l a t i o n  t h i s  can  be 

r e l a t e d  t o  the i n p u t  ampli tude R and f requency  w . T h i s ,  i n  t u r n ,  d e t e r -  

mines t h e  va lue  of t h e  amplitude and f r equency  f o r  which t h e  system would 

be u n s t a b i e .  I t  is imposs ib ie  t o  de te rmine  t h e  s t a b i l i t y  of t h e  f o r c e d  

o s c i l l a t i o n s  o r  t h e  occurence of t h e  subharmonic o s c i l l a t i o n s  by t h e  con- 

v e n t i o n a l  d e s c r i b i n g  f u n c t i o n .  B u t  the  d e r i v a t i o n  of t h e  e x a c t  d u a l - i n p u t  

d e s c r i b i n g  f u n c t i o n  o r  even the approximate dua l - inpu t  d e s c r i b i n g  f u n c t i o n  

f o r  t h e  n o n l i n e a r i t i e s  c o n t a i n i n g  an energy  s t o r a g e  e l emen t ,  appea r s  t o  be 

a most d i f f i c u l t  i f  n o t  an imposs ib le  t a s k .  A computer s i m u l a t i o n  p rov ides  

a s i m p l e r  mechanism t h a n  t h e  DIDF f o r  i n v e s t i g a t i n g  t h e  s t a b i l i t y  of fo rced  

o s c i l l a t i o n s  and t h e  presence  of subharmonic o s c i l l a t i o n s .  

DIDF 

0 
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CHAPTER V I 1  

CONCLUSIONS 

The d e s c r i b i n g  f u n c t i o n  method c o n s t i t u t e s  an erample of t h e  a p p l i -  

c a t i o n  of a q u a s i - l i n e a r  method f o r  t h e  e v a l u a t i o n  of a n o n l i n e a r  system 

performance.  The method y i e l d s  s u b s t a n t i a l l y  a c c u r a t e  resu l t s  f o r  a c e r -  

t a i n  c l a s s  of n o n l i n e a r  systems i n  which t h e  l i n e a r  p o r t i o n  of t h e  sys tem 

e s s e n t i a l l y  ac t s  as a low pass f i l t e r .  The f a m i l i e s  of d e s c r i b i n g  func-  

t i o n  cu rves  shown i n  F i g u r e  5 through F igure  11 and Figure  1 5  through 

F i g u r e  20 ,  make i t  r e l a t i v e l y  easy  t o  p r e d i c t  t h e  behav io r  of servomech- 

anisms which c o n t a i n  e i t h e r  a deadzone and back la sh  s e p a r a t e d  by a f i r s t  

o r d e r  l i n e a r  b lock  o r  a h y s t e r e s i s  r e l a y  and b a c k l a s h  s e p a r a t e d  by a 

second o r d e r  l i n e a r  b lock .  These curves should be of d e f i n i t e  a i d  t o  t h e  

c o n t r o l  system e n g i n e e r  who is  conf ron ted  w i t h  ana lyz ing  a system c o n t a i n -  

ing  one of t h e s e  p a r t i c u l a r  n o n l i n e a r i t i e s .  The gene ra t ed  d e s c r i b i n g  

f u n c t i o n  cu rves  a r e  not  on ly  a v a l u a b l e  t o o l  f o r  p r e d i c t i n g  t h e  s t a b i l i t y  

of a servomechanism c o n t a i n i n g  such  n o n l i n e a r i t  i es  but  a l s o  f i n d i n g  t h e  

p r o p e r  network t o  improve t h e  system performance.  They a r e  a l s o  u s e f u l  

i n  some c a s e s  where t h e  performance of a l i n e a r  system may be improved 

by pu rpose ly  i n t r o d u c i n g  a n o n l i n e a r i t y  i n  one of t h e  components. 

Although only  two sample problems are g iven ,  t h e r e  are s e v e r a l  ways 

i n  which the  curves can be used i n  a problem a n a l y s i s .  For  i n s t a n c e  t h e  

i n t e r n a l  g a i n  of t h e  l i n e a r  block between t h e  two n o n l i n e a r i t i e s  e x e r t s  

c o n s i d e r a b l e  i n f l u e n c e  over  the e f f e c t i v e  back la sh  wid th .  Thus i n  addi -  

t i o n  t o  c o n t r o l l i n g  t h e  o v e r a l l  sys tem g a i n  K ,  an a d d i t i o n a l  f a c t o r  m u s t  

be cons ide red  i n  u s i n g  K .  A l s o ,  t h e  time c o n s t a n t  ?; o r  z e t a  and o i n  

H ( s 1  can  be used a s  d e s i g n  parameters .  

n 
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I n  t h e  sample problems a p p l i c a t i o n ,  the  gene ra t ed  d e s c r i b i n g  f u n c t i o n  

c u r v e s  f o r  ana lyz ing  c o n t r o l  systems c o n t a i n i n g  t h e  m u l t i p l e  n o n l i n e a r i -  

t i e s ,  have i n d i c a t e d  t h a t  reasonably  a c c u r a t e  p r e d i c t i o n s  of t he  ampli-  

t u d e  and f r equency  of t h e  l i m i t  c y c l e s  can be made. T h i s  imp l i e s  t h a t  

t h e  presence  of t he  harmonic components a t  t h e  inpu t  of t h e  m u l t i p l e  

n o n l i n e a r i t y  does  no t  modify the g a i n  of t h e  fundamental  component appre-  

c i a b l y .  I t  cannot  be ove r  s t r e s s e d  t h a t  t h i s  i s  not  a g e n e r a l  r e s u l t ,  

because when t h e  l i n e a r  element i n  s e r i e s  w i t h  t h e  m u l t i p l e  n o n l i n e a r i t y  

does  not  c o n s t i t u t e  a low pass f i l t e r ,  then  t h e  c i r c u l a t i n g  harmonics 

may e x c e s s i v e l y  d i s t o r t  the  ga in  of t h e  fundamental  component. With t h i s  

i n  mind, it would no t  be d i f f i c u l t  t o  produce a system i n  which t h e  

method would no t  produce s e n s i b l y  a c c u r a t e  r e su l t s .  O v e r a l l ,  the  genera-  

t e d  d e s c r i b i n g  f u n c t i o n s  are s o  s t r a i g h t  forward i n  a p p l i c a t i o n  t h a t  having  

p r e d i c t e d  t h e  o s c i l l a t i o n  parameters ,  the  accu racy  of  p r e d i c t i o n  may be 

a s s e s s e d  by e s t i m a t i n g  t h e  harmonic d i s t o r t i o n  p r e s e n t  under  the  p r e d i c t e d  

c o n d i t i o n s .  

-. 'I'he t echn ique  p resen ted  here f o r  o b t a i n i n g  t h e  describing f u n c t i m s  

of a p a r t i c u l a r  n o n l i n e a r  f u n c t i o n  can be used i n  o b t a i n i n g  t h e  d e s c r i b -  

i n g  f u n c t i o n s  of any o t h e r  non l inea r  combina t ions .  T h e r e f o r e ,  i t  can be 

p l aced  a longs ide  of t he  o t h e r  n o n l i n e a r  a n l y t i c a l  t o o l s  i n  t h e  servo-  

mechanism e n g i n e e r ' s  bag of t r i c k s .  
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APPENDIX I 

COMPUYA'--'TON OF y ( t ) ,  FIRST MULTIPLE NONLINEARITY 

While d e r i v i n g  t h e  d e s c r i b i n g  f u n c t i o n  of t h e  F i r s t  M u l t i p l e  Non- 

l i n e a r i t y  of a deadzone fol lowed by a f i r s t  o r d e r  l i n e a r  block and back- 

l a s h ,  i t  i s  n e c e s s a r y  t o  f i n d  t h e  s t e a d y  s ta te  o u t p u t  of t h e  n o n l i n e a r i t y  

when e x c i t e d  by a s i n u s o i d a l  s i g n a l .  L e t  t h e  s t e a d y  s t a t e  o u t p u t  of t h e  

deadzone n o n l i n e a r i t y  be g iven  by x ( t >  and let  x (t) r e p r e s e n t  on ly  one 

c y c l e  of t h i s  o u t p ~ t .  The s teady  s t a t e  o u t p u t  of t h e  f i r s t  o r d e r  l i n e a r  

1 

b l o c k  i s  denoted by y ( t )  and i s  computed a s  f o l l o w s :  

6 s E - a s  -e -b s -e -c ~ + ~ - d  s] 
2 2  s +w 

0 

sinwo(t-b)  I+ t - b  

- coswo(t-b) + 'Gw + u ( t - b )  wfOs?/l E- 'c 
0 -+w 

2 0  
IG 
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0 

0 ‘Gw 
- cosw ( t -c>  + - 

-+w 0 2 0  

1 y t ( t l  = Residue of - e a t s = - -  
X,(s) H ( s )  s t  

-2xs/w T 
( 1 - e  01 

a/-c+eb/-c -e C/T - ed/T1 
K 

T 

From which 

y ( t >  = y ( t 1  - yt (t1 
C 
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APPENDIX I1 

COMPUTATION OF z ( t ) ,  FIRST MULTIPLE NONLINEARITY 

When t h e  f i r s t  m u l t i p l e  n o n l i n e a r i t y  i s  e x c i t e d  by a s i n u s o i d a l  

s i g n a l ,  t h e  e x p r e s s i o n  f o r  t h e  s t e a d y  s t a t e  o u t p u t  y ( t )  of t he  l i n e a r  

b lock  H ( s ) ,  was d e r i v e d  i n  Appendir I .  

S ince  y ( t 1  had t o  be solved f o r  v a r i o u s  v a l u e s  of TU and I ,  i t  

seemed necessa ry  t o  use a d i g i t a l  computer t o  compute y ( t >  f o r  eve ry  

run .  The computat ion of z ( t )  t h e  ou tpu t  of t h e  n o n l i n e a r i t y ,  from y ( t >  

w a s  i nco rpora t ed  i n  t h e  same d i g i t a l  program and numerical  t echn iques  of 

i n t e g r a t i o n  were used t o  d e r i v e  t h e  d e s c r i b i n g  f u n c t i o n .  

0 

z ( t )  s i n  o t do  t 
0 0 1 7 K  0 0 

z ( t >  cos  o t dw t and B = 2 -f 
1 (A12 + B 2 12 

and @ = Arctan  ( A 1 / ~ l )  1 
and ) G D ( I  o,>( = I 
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APPENDIX I11 

DESCRIBING FUNCTION OF THE COMBINED NONLINEARITY OF DEADZONE AND BACKLASH 

I t  i s  n e c e s s a r y  t o  d e r i v e  t h e  d e s c r i b i n g  f u n c t i o n  of t he  f i r s t  m u l t i p l e  

n o n l i n e a r i t y  ove r  t h e  e n t i r e  f requency range .  F o r  values of t he  e x c i t a t i o n  

f r equency  o such t h a t  To e< 1 . 0 ,  t h e  n o n l i n e a r i t i e s  of deadzone and back- 

l a s h  can  be cons ide red  a d j a c e n t  t o  each  o t h e r .  The d e s c r i b i n g  f u n c t i o n  is  

t h e n  de r ived  a s  f o l l o w s :  

0 0 

L e t  x = s i n  w t .  For  1-6 > W - 0 

-1 
o c w t c p ;  B = s i n  b 

p < o t c n/2 ; d = s i n  (1-W) 

n/2 < a  t < ' T I  - A  

0 -  - z ( t 1  = -w/2 

-1 
0 -  - = s i n  w t - tj - W/2 

= l - b - W / 2  

= s i n  w t - 6 + w/2 

0 

0 -  - 

' T I - d < w t < ' T I  
0 -  - 0 

0 0 

A1 =?I! 'TI 

+ JP 
Tr-d 

-W/2 COS 0 t dw t + J ( s i n  w t - b - W/2) c o s  w t d o  t 
0 0 0 0 0 

B 

( 1  - b - W / 2 )  c o s  w t d o  t 
0 0 

(W/2) c o s  w 0 t dw t s i n  o t - + W/2 COS o t dw t + 
0 0 0 

'TI- B 
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+ y  
TI/2 

+ Tp 
TI--( 

(1 - 6 - W/2) s i n  oot d w o t  

- 
(o/2) s i n  w t dwot 

0 

- 
i s i n  w t - b - w/2 s i n  w t do t + 

0 0 0 

TI- B 

1 1 1 cos #3 + y s i n  28 + (1-b) cos -( - - s i n  2-( 
4 

I 

For W/2 c 1 - b < W - - 

o < o t c p l  ; 

p, e 0 t c TI/2 

0 -  - z ( t )  = -(1 - b - W/2) 

0 -  - = ( s i n  o t - b - W/2) 
0 

= 1 - s - w / 2  

71 TI 

- - 
A1 - 71 I z ( t )  COS w 0 t d o  0 t ; B~ - 2 TI I 

-1 p, = s i n  ( 2 b  + w - 1) 

z ( t >  s i n  w t dw t 
0 0 

0 0 

- -  -(1 - b - W/2) COS w t dm t 
TI 0 0 

- 
A1 

( s i n  w t - 6 - W/2) cos o t dw t + y2 0 0 0 

B l  
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TI 1 
+ I ( 1  - - W / 2 )  COS w t d o  t 

0 0 

2 
s i n  p, - 1 1 - - -  

TI 

( s i n  w t - b - W/2) s i n  w t dw t 
0 0 0 

1 
(1 - b - W / 2 )  s i n  w t do t .el 
- p, - c o s  s i n  

1 1 
-1 

GD -/= - and @ ' =  t a n  *1lB1 

Var ious  va lues  of G ( b , d  and 9 were obta ined  by w r i t i n g  a d i g i t a l  

program. 

D 
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APPENDIX I V  

COMPUTATION OF y ( t ) ,  SECOND MULTIPLE NONLINEARITY 

When t h e  second m u l t i p l e  n o n l i n e a r i t y  of an i d e a l  r e l a y  fo l lowed by 

a second o r d e r  l i n e a r  b lock  and b a c k l a s h  i s  e x c i t e d  by a s i n u s o i d a l  s i g n a l  

of f r equency  wo, t hen  t h e  ou tpu t  of t h e  r e a l y  i s  a squa re  wave having t h e  

same f requency  as t h e  e x c i t a t i o n  f requency .  T h e r e f o r e ,  t h e  i n p u t  t o  t h e  

second o r d e r  l i n e a r  b lock  i s  always a squa re  wave of t h e  e x c i t a t i o n  f r e -  

quency. The s t e a d y  s t a t e  ou tpu t  y ( t )  of t h i s  l i n e a r  b lock  i s  computed a s  

f o l l o w s  : 

O < W t < 2 T I  - 0 -  
L e t  x p )  = x ( t )  - - - - - 

= 0 . 0  - - - - - w o t  > 2Tt 

Now y ( t >  = y l ( t )  - y t ( t )  - - - - - - - - - - 

c- x, ( s )  K est i n  I 1.u 
2 2  -2ns/o and y t ( t )  = L R e s i d u e  of 

( s  /an + 2<s/wn+l) (1 -e O >  
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Where w = 1.0 n a = 2C, 

Now s+a  

s + a s + l  
I_LT. 

1 
s 2  

- - - -  1 

s ( s  + a s + l )  2 

s i n  (w + @ )  1 y , ( t )  = -E- Qe -at/2 

s i n  
-a/2(t-j3/wo) 

+ 2  k -  Qe 

- a / 2 ( t  - - X + B )  
w 
0 s i n  E( t-*)+q] u (t---) IT+ B - 2  E - Q e  

w 0 w 0 

Whe re 1 
2 1-a /4 

Q =  - 

1 

w = (1-a2/4I2 
- 

1 
2 2  

- 
(1-a /4) @ = Arc t a n  -- 

a /2 

-1 

- -1 

-1 

a t  s = - a/2 + j w  

and s = - a/2 - j w  

L -  

(1-e O )  

s t  e 
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-/3 ( -a/2+ j w> /ao 

- n ( - a / 2 + j w ) / w 0  
( -a /2+ j w> t l e  2e E -  1 +e 

- a / 2 + j w + a  
y t ( t >  = 2 j w  

-p ( -a /2- jw) /w 
( - a / 2 - j w ) t  

-n( -a /2- jw) /w O l  e 
+ ( - a / 2 - j w + a )  

- 2 j w  
0 1 +e 

a( 9) 
2 w  

1 0 sin+ -p /wo+n/wo) 
Ba 

e 2w0 s i n w ( t - p / w o > + e  

na/wo 
> W71 

w 
0 

m / w O  y t ( t >  = e 

cos - +e (1+2e  

Ba 
a( 9) 
2 w  1 

0 I c o s w (  t -p/w0+rr/wo> 

n a / w  1 J e 2w 0 c o s w ( t - p / w o ) + e  
+ c o s w t  - 2 

n a/w 
O >  

0 m 

0 

cos - +e w (1+2e  
c 
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APPENDIX V 

COMPUTATION OF z (  t )  , SECOND MULTIPLE NONLINEARITY 

When t h e  second m u l t i p l e  n o n l i n e a r i t y  i s  e x c i t e d  by a s i n u s o i d a l  

s i g n a l ,  t h e  e x p r e s s i o n  for t h e  s t e a d y  s ta te  o u t p u t  y ( t )  of t h e  second 

o r d e r  l i n e a r  b lock  i s  d e r i v e d  i n  Appendix I .  S i n c e  y ( t )  had t o  be com- 

puted  f o r  v a r i o u s  v a l u e s  of w /a and z e t a ,  a d i g i t a l  program w a s  writ ten.  

From t h e  e x p r e s s i o n  of y ( t ) ,  z ( t )  t h e  o u t p u t  of t h e  b a c k l a s h  e lement  w a s  

computed by modifying t h e  same d i g i t a l  program. Numerical t e c h n i q u e s  of 

i n t e g r a t i o n  were used t o  f i n d  t h e  fundamental  component i n  z ( t ) .  From 

t h i s  a f a m i l y  of d e s c r i b i n g  f u n c t i o n s  w a s  g e n e r a t e d .  

o n  

JT 

- B1 - - f 1 z ( t >  s i n  w t dwot 
0 

- 2 f z ( t )  COS w t do  t ; A1 TI 0 0 

0 0 

GD - - ,/= and 9 = Arc t a n  (A1/B1) 
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APPENDIX V I  

DESCRIBING FUNCTION OF THE COMBINED NONLINEARITY OF RELAY AND BACKLASH 

I t  i s  n e c e s s a r y  t o  f i n d  the d e s c r i b i n g  f u n c t i o n  of t h e  second m u l t i -  

p l e  n o n l i n e a r i t y  over  t h e  e n t i r e  f requency  r a n g e .  F o r  v a l u e s  of w such 

t h a t  w /w 

c a n  b e  cons idered  a d j a c e n t  t o  each o t h e r .  

t h i s  combined n o n l i n e a r i t y  w a s  d e r i v e d  as f o l l o w s :  

0 

<< 1.0,  t h e  r e l a y  n o n l i n e a r i t y  and t h e  backlash  n o n l i n e a r i t y  o n  

The d e s c r i b i n g  f u n c t i o n  of 

x ( t )  = s i n  w t 
0 

z ( t )  = (1-W/2) 0 c w o t  c n - - 

= - (1-W/2) TI < w t c 271 - 0 -  

n 2ll 

A 1 n  = L I (1-W/2) c o s  m o t  dwot  - - 71 (1-W/2) COS w o t  dwot  

0 n 

= 0.0 

TI 271 

(1-W/2) s i n  w t d o o t  
TI 'I 0 

I (1-W/2) s i n  oot dw t - - B1 - - 
0 

0 71 

= - 4 (1-W/2) 
71 

GD = (1-W/2) 
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APPENDIX V I 1  

ANALOG COMPUTER SIMULATION I 

4 -  1 / 

K1 I &  1 ,  K - c ,  
s (s+l )  I r 

--)21.5- O . l s + l  

I 
I 
1 
8 
8 
I 
I 
I 
8 
I 
t 
I 

I 

An analog  computer s imula t ion  of the sample problem d i s c u s s e d  i n  

C h a p t e r  I V  w a s  used t o  v a r i f y  t h e  a n a l y t i c a l  resu l t s .  The b lock  diagram 

of t h e  sample problem c o n t a i n i n g  f i r s t  m u l t i p l e  n o n l i n e a r i t y  i s  shown i n  

F i g u r e  29, whi le  F igu re  3 0  r e p r e s e n t s  i t s  ana log  computer s i m u l a t i o n .  

Table  X I V  i n d i c a t e s  t he  ana log  computer resu l t s  a s  w e l l  as t h e  a n a l y t i c a l  

d a t a .  

\, 

3 . 0  

5 .0  

TABLE X I V  

The Analog R e s u l t s  V e r s u s  A n a l y t i c a l  R e s u l t s ,  F i r s t  M u l t i p l e  N o n l i n e a r i t y  

6 0 .59  1 . 0  36 .5  

6 0 .38  2 . 0  56.5 

No. SYSTEM 1 ANALYTICAL DATA 

I LIMIT CYCLE l o f t -  p 
2 .0  

2 . 0  

Frequency Amp1 i t u d e  

r a d .  / sec  . 

;:; 1 a 10 .41  1 1.25  1 52.5  

0 .25  2.02 86 .0  

10.0 0 .23  1 . 5 5  9 3 . 0  

ANALOG DATA I 
LIMIT CYCLE I 

Frequency 

rad ./sec. 

1 .25 

2.02 

1 . 5 5  

1.065 

2.02 

Amp1 i t u d e  1 
I I  

-I 
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A-+ 
C 
0 
.rl 
c, 
(II 

3 
E 

I 

0 
cr) 

W 
Ll 
3 
M 
.rl 

a 3 0  

II .. 
Ln 

I 

a, 
.. 
U 
0 z 

I 
I 



I 
I 

0.1 

0.1 

0.1 

0 . 1  

0.4 

0.4 

0 .4  

0.4 

0 .8  

0 . 8  

0 .8  

0 .8  

8 2  

I 

APPENDIX V I 1 1  

ANALOG COMPUTER SIMULATION I1 

0.218 

0.26 

0.29 

0.34 

An ana log  computer s i m u l a t i o n  was used t o  v a r i f y  the  a n a l y t i c a l  

r e su l t s  ob ta ined  i n  Chapter  I V  f o r  t h e  sample problem c o n t a i n i n g  second 

m u l t i p l e  n o n l i n e a r i t y .  The block diagram of t h e  sample problem is  shown 

i n  F i g u r e  31 ,  whi le  F igu re  32 r e p r e s e n t s  i t s  ana log  s i m u l a t i o n .  The 

r e s u l t s  of the  ana log  s i m u l a t i o n  and t h e i r  comparison w i t h  t h e  a n a l y t i c a l  

r e su l t s  i s  p re sen ted  i n  Table  XV. 

13 .5  

1 0 . 5  

11 .9  

9 . 1  

F igu re  31  - Block Diagram of the  Sample Problem Con- 
t a i n i n g  Second M u l t i p l e  N o n l i n e a r i t y  

TABLE XV 

The Analog R e s u l t s  Versus A n a l y t i c a l  R e s u l t s ,  Second M u l t i p l e  N o n l i n e a r i t y  

SYSTEM PARAMETER 

ZETA b 

10 

7 

5 

3 

1 0  

7 

5 

3 

10 

7 

5 

3 

rad./sec. 
0.42 

0.512 

0.685 

0.823 

0.331 

0.337 

0.415 

0.4745 

0.218 

0.2565 

0.2925 

0.337 

16 .15  

13 .4  

12 .5  

15 .1  

1 9 . 0  

1 6 . 0  

13. 5 

11 .6  

16.5 

13 .2  

1 2 . 0  

9 .6  
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